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The question whether a given linear partial di�erential or di�erence equation with polynomial coef-
�cients has non-zero polynomial solutions is � in general � undecidable. However, a di�erential or
di�erence equation L(y) = 0, y = y(x1, . . . , xm), m > 1, with constant coe�cients has a non-zero poly-
nomial solution if and only if its constant term is zero, and this is true if and only if it has polynomial
solutions of all degrees.

Î ïîëèíîìèàëüíûõ ðåøåíèÿõ ëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè è
ðàçíîñòÿìè
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E-mail address: sergeyabramov@mail.ru, Marko.Petkovsek@fmf.uni-lj.si

Âîïðîñ î òîì, èìååò ëè äàííîå ëèíåéíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè èëè ðàçíîñòÿìè
ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè íåíóëåâîå ïîëèíîìèàëüíîå ðåøåíèå, â îáùåì ñëó÷àå
íåðàçðåøèì àëãîðèòìè÷åñêè. Íî äèôôåðåíöèàëüíîå èëè ðàçíîñòíîå óðàâíåíèå L(y) = 0,
y = y(x1, . . . , xm), m > 1, ñ ïîñòîÿííûìè êîýôôèöèåíòàìè èìååò íåíóëåâîå ïîëèíîìèàëüíîå
ðåøåíèå åñëè è òîëüêî åñëè åãî êîýôôèöèåíò ïðè y ðàâåí íóëþ, ïðè÷åì â ïîñëåäíåì ñëó÷àå
óðàâíåíèå èìååò ïîëèíîìèàëüíîå ðåøåíèå ëþáîé ñòåïåíè.

2. Highly e�cient arithmetic of elliptic curves

S. Adlaj (CC RAS, Moscow)
E-mail address: semjonadlaj@gmail.com

Contemporary intensive research on elliptic curves has been a natural continuation of the research
on elliptic functions. An attainment of highly e�cient algorithms for dividing points, on an elliptic
curve, gives rise to highly e�cient and highly precise computations of (incomplete) elliptic integrals,
abundantly arising (in particular) among solutions to fundamental problems of theoretical mechanics.
Here, we shall indicate an approach which has enabled fast and exact computations for these problems,
occasionally, upon instances when traditional computing methods fail to deliver a desired precision at
any reasonable time.

Âûñîêîýôôåêòèâíàÿ àðèôìåòèêà ýëëèïòè÷åñêèõ êðèâûõ

Ñ. Ô. Àäëàé (ÂÖ ÐÀÍ, Ìîñêâà)
E-mail address: semjonadlaj@gmail.com

Ñîâðåìåííîå èíòåíñèâíîå èññëåäîâàíèå ýëëèïòè÷åñêèõ êðèâûõ ÿâèëîñü åñòåñòâåííûì
ïðîäîëæåíèåì èññëåäîâàíèé ýëëèïòè÷åñêèõ ôóíêöèé. Âûñîêîýôôåêòèâíûå àëãîðèòìû
äåëåíèÿ òî÷åê ýëëèïòè÷åñêîé êðèâîé ïîçâîëÿò âûñîêîýôôåêòèâíî è âûñîêîòî÷íî âû÷èñëÿòü
(íåïîëíûå) ýëëèïòè÷åñêèå èíòåãðàëû, â èçîáèëèè âîçíèêàþùèå (â ÷àñòíîñòè) ñðåäè
ðåøåíèé îñíîâîïîëàãàþùèõ çàäà÷ òåîðåòè÷åñêîé ìåõàíèêè. Â äàííîé ðàáîòå áóäåò óêàçàí
ïîäõîä, ïîçâîëèâøèé ïîëó÷èòü íîâûå àëãîðèòìû áûñòðûõ è òî÷íûõ âû÷èñëåíèé äëÿ òàêèõ
îñíîâîïîëàãàþùèõ çàäà÷, ïîðîé òîãäà, êîãäà òðàäèöèîííûå ìåòîäû âû÷èñëåíèÿ íå ïîçâîëÿþò
äîáèâàòüñÿ æåëàííîé òî÷íîñòè çà êàêîå-ëèáî ðàçóìíîå âðåìÿ.

3. Mathematical and Computer Modeling of Non-linear Deformation Waves in the Cover
with Viscous Liquid Inside

Yu.A. Blinkov (SSU, Saratov)

S.V. Ivanov (SSU, Saratov), L.I. Mogilevich (VB MSURT, Saratov)
E-mail address: blinkovua@info.sgu.ru, evilgraywolf@gmail.com, mogilevich@sgu.ru
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The present investigation, using methods of computer algebra, is devoted to the analyses of non-
linear deformation waves propagation in physically non-linear elastic cylinder shell, containing viscous
incompressible liquid. Wave process in elastic cylinder shell without dealing with liquid were earlier
investigated from the point of view of solution theory. The presence of liquid demanded working out
a new mathematical model and computer modeling of the processes, taking place in the system.

Ìàòåìàòè÷åñêîå è êîìïüþòåðíîå ìîäåëèðîâàíèå íåëèíåéíûõ âîëí äåôîðìàöèé â
îáîëî÷êå, ñîäåðæàùåé âÿçêóþ æèäêîñòü

Þ.À. Áëèíêîâ (ÑÃÓ, Ñàðàòîâ)

Ñ.Â. Èâàíîâ (ÑÃÓ, Ñàðàòîâ), Ë.È. Ìîãèëåâè÷ (ÏÔ ÌÃÓÏÑ, Ñàðàòîâ)
E-mail address: blinkovua@info.sgu.ru, evilgraywolf@gmail.com, mogilevich@sgu.ru

Íàñòîÿùåå èññëåäîâàíèå, ñ èñïîëüçîâàíèåì ñðåäñòâ êîìïüþòåðíîé àëãåáðû, ïîñâÿùåíî
àíàëèçó ðàñïðîñòðàíåíèÿ íåëèíåéíûõ âîëí äåôîðìàöèé â ôèçè÷åñêè íåëèíåéíîé óïðóãîé
öèëèíäðè÷åñêîé îáîëî÷êå, ñîäåðæàùåé âÿçêóþ íåñæèìàåìóþ æèäêîñòü. Âîëíîâûå ïðîöåññû â
óïðóãîé öèëèíäðè÷åñêîé îáîëî÷êå áåç âçàèìîäåéñòâèÿ ñ æèäêîñòüþ ðàíåå èññëåäîâàíû ñ ïîçèöèé
òåîðèè ñîëèòîíîâ. Íàëè÷èå æèäêîñòè ïîòðåáîâàëî ðàçðàáîòêè íîâîé ìàòåìàòè÷åñêîé ìîäåëè è
êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïðîöåññîâ, ïðîèñõîäÿùèõ â ðàññìàòðèâàåìîé ñèñòåìå.

4. Algorithms of the symbolic-numerical calculations the Green function for ordinary
di�erential equations II and III order

I.N. Belyaeva (National Research University "Belgorod State University")

V.E. Bogachev (National Research University "Belgorod State University")

N.A. Chekanov (National Research University "Belgorod State University")

E-mail address: Ibelyaeva@bsu.edu.ru, jancoov@gmail.com, chekanov@bsu.edu.ru

In report the algorithms for symbolic-numerical construction of the Green function, in general, as
generalized power series for ordinary di�erential equation of the second and the third order with the
�rst type boundary conditions are presented. On the base of the developed algorithms the Maple
programs of symbolic-numerical calculations the Green function are created and some examples of
calculation the Green function are presented.

Àëãîðèòìû ñèìâîëüíî-÷èñëåííûõ âû÷èñëåíèé ôóíêöèè Ãðèíà îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé II è III ïîðÿäêîâ

È.Í. Áåëÿåâà (Áåëãîðîäñêèé ãîñóäàðñòâåííûé íàöèîíàëüíî èññëåäîâàòåëüñêèé óíèâåðñèòåò)

Â.Å. Áîãà÷åâ (Áåëãîðîäñêèé ãîñóäàðñòâåííûé íàöèîíàëüíî èññëåäîâàòåëüñêèé óíèâåðñèòåò)

Í.À. ×åêàíîâ (Áåëãîðîäñêèé ãîñóäàðñòâåííûé íàöèîíàëüíî èññëåäîâàòåëüñêèé óíèâåðñèòåò)

E-mail address: Ibelyaeva@bsu.edu.ru, jancoov@gmail.com, chekanov@bsu.edu.ru

Â äîêëàäå ïðåäñòàâëåíû àëãîðèòìû äëÿ ñèìâîëüíî-÷èñëåííîãî ïîñòðîåíèÿ ôóíêöèè Ãðèíà, â
îáùåì, â âèäå îáîáùåííûõ ñòåïåííûõ ðÿäîâ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
âòîðîãî è òðåòüåãî ïîðÿäêîâ ñ êðàåâûìè óñëîâèÿìè ïåðâîãî ðîäà. Íà îñíîâå ðàçðàáîòàííûõ
àëãîðèòìîâ ñîñòàâëåíû ïðîãðàììû â ñðåäå Maple ñèìâîëüíî-÷èñëåííîãî ïîñòðîåíèÿ ôóíêöèé
Ãðèíà è ïðèâåäåíû ïðèìåðû âû÷èñëåíèÿ ôóíêöèé Ãðèíà äëÿ íåêîòîðûõ êîíêðåòíûõ êðàåâûõ
çàäà÷.
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5. Normal Forms of the Euler-Poisson Equations

A.D. Bruno (Keldysh Institute for Applied Mathematics of RAS, Moscow),
V.F. Edneral(Skobeltsyn Institute of Nuclear Physics,

Lomonosov Moscow State University, Moscow)
E-mail address: edneral@theory.sinp.msu.ru

In the paper [Bruno A.D.: Theory of Normal Forms of the Euler�Poisson Equations. Preprint No.
100, M., Keldysh Institute for Applied Mathematics of RAS, 27 p. (2005). In Russian.
http://dl.dropbox.com/u/59058738/Preprint100.pdf ] the special case of the Euler-Poisson equations
describing motion of a heavy rigid body with a �xed point is considered. Near stationary points of the
system two of one-parameter families were chosen. These families are corresponded to the resonance
(0, 0, λ,−λ, 2λ,−2λ) of eigenvalues of the matrix of a linear part of the system. Also in the cited
above paper it was suggested a hypothesis about absence of the additional �rst integral near these
families, except of classical cases of global integrability. In this report that supposition is checked
using calculations of coe�cients of the normal form. All calculations were produced by the package
described in [Edneral, V.F.: On Algorithm of the Normal Form Building. Proceedings of CASC 2007,
ed. by Ganzha et al., LNCS 4770, 134-142 (2007)] which was created in the MATHEMATICA system.

Íîðìàëüíûå ôîðìû óðàâíåíèé Ýéëåðà-Ïóàññîíà

À.Ä. Áðþíî (ÈÏÌ ÐÀÍ, Ìîñêâà), Â.Ô. Åäíåðàë (ÍÈÈßÔ ÌÃÓ, Ìîñêâà)
E-mail address: edneral@theory.sinp.msu.ru

Â ñòàòüå [Áðþíî A.D.: Òåîðèÿ íîðìàëüíûõ ôîðì óðàâíåíèé Ýéëåðà�Ïóàññîíà. Ïðåïðèíò � 100
ÈÏÌ ÐÀÍ, 27 ñòð. (2005)
http://dl.dropbox.com/u/59058738/Preprint100.pdf ] ðàññìîòðåí îäíîïàðàìåòðè÷åñêèé ñëó÷àé
óðàâíåíèé Ýéëåðà�Ïóàññîíà, îïèñûâàþùèõ äâèæåíèå òÿæåëîãî òâåðäîãî òåëà ñ çàêðåïëåííîé
òî÷êîé. Äëÿ èçó÷åíèÿ áûëè âûáðàíû äâà ñåìåéñòâà îäíîïàðàìåòðè÷åñêèõ ðåøåíèé, ëåæàùèõ
âáëèçè íåïîäâèæíûõ òî÷åê ñèñòåìû. Ýòè ñåìåéñòâà ñîîòâåòñòâóþò ðåçîíàíñó (0, 0, λ,−λ, 2λ,−2λ)
ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ëèíåéíîé ÷àñòè. Â ïðîöèòèðîâàííîé âûøå ñòàòüå áûëà
ïðåäëîæåíà ãèïîòåçà îá îòñóòñòâèè äîïîëíèòåëüíûõ ïåðâûõ èíòåãðàëîâ âáëèçè ýòèõ ñåìåéñòâ,
çà èñêëþ÷åíèåì êëàññè÷åñêèõ ñëó÷àåâ ãëîáàëüíîé èíòåãðèðóåìîñòè. Â íàñòîÿùåì ñîîáùåíèè
ýòà ãèïîòåçà ïðîâåðÿåòñÿ ïóòåì âû÷èñëåíèÿ è àíàëèçà êîýôôèöèåíòîâ íîðìàëüíîé ôîðìû. Âñå
âû÷èñëåíèÿ áûëè ïðîèçâåäåíû ïðè ïîìîùè ïàêåòà [Edneral, V.F.: On Algorithm of the Normal
Form Building. Proceedings of CASC 2007, ed. by Ganzha et al., LNCS 4770, 134-142 (2007)],
êîòîðûé áûë ðàçðàáîòàí äëÿ ñèñòåìû MATHEMATICA.

6. Analogies between SAT problem and main problems of linear algebra

R.T. Faizullin (OmSTU, Omsk)
E-mail address: frt@omgtu.ru

The aim of this work is to establish the analogy between a SAT problem and the main problems of
linear algebra. It is shown that the SAT can be reduced to system of the linear algebraic equations with
the positive de�ned symmetrical matrix. The theorem of compliance of a minimum of a functional of
an express look is proved, rather unknown decomposition values on basis of the characteristic vectors
to the solution of a task 3-SAT. The heuristic test of the random is o�ered de�nitions of signi�cant
number of bits of the solution of a problem of a factorization.

Ñâåäåíèå çàäà÷è ÂÛÏÎËÍÈÌÎÑÒÜ ê îñíîâíûì çàäà÷àì ëèíåéíîé àëãåáðû

Ð.Ò. Ôàéçóëëèí (ÎìÃÒÓ, Îìñê)
E-mail address: frt@omgtu.ru

Öåëü ðàáîòû çàêëþ÷àåòñÿ â óñòàíîâëåíèå àíàëîãèè ìåæäó ïðîáëåìîé ÂÛÏÎËÍÈÌÎÑÒÜ è
îñíîâíûìè ïðîáëåìàìè ëèíåéíîé àëãåáðû. Ïîêàçàíî, ÷òî çàäà÷à ÂÛÏÎËÍÈÌÎÑÒÜ ìîæåò
áûòü ñâåäåíà ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ïîëîæèòåëüíîé îïðåäåëåííîé
ñèììåòðè÷åñêîé ìàòðèöåé. Ïîñòðîåíà ôóíêöèÿ îòíîñèòåëüíî êîýôôèöåíòîâ ðàçëîæåíèÿ ïî
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ñîáñòâåííûì âåêòîðàì ýòîé ìàòðèöû, ãëîáàëüíûé ìèíèìóì êîòîðîé îòâå÷àåò ðåøåíèþ 3-
ÂÛÏÎËÍÈÌÎÑÒÜ. Ïðåäëîæåí ýâðèñòè÷åñêèé òåñò îïðåäåëåíèÿ çíà÷èìîãî ÷èñëà áèò â ðåøåíèè
ïðîáëåìû ôàêòîðèçàöèè.

7. ZDD diagrams with shared cache.

P.V. Fokin (SSU, Saratov)

Yu.A. Blinkov (SSU, Saratov)
E-mail address: fokinpv@gmail.com, blinkovua@info.sgu.ru

ZDD diagrams with shared cache can be used as internal data structure for computing involutive
Gr�obner basis.

For the representation of polynomials by lists of monomials, the worst-case estimation for memory size
is given by

• Θ(n2d−1) for the representation of polynomials by lists of monomials with degree compatible and
lexicographical monomial ordering;

• Θ(nd) for the representation of polynomials by ZDDs with degree compatible monomial ordering;

• Θ(nd−1) for the representation of polynomials by ZDDs with lexicographical monomial ordering.

We suggest here a representation of a Boolean polynomial by the set of ZDD with the common cache .
By using such representation one can substantially speed-up, the performance of basic operations over
Boolean polynomials needed in the Gr�obner bases construction.

Implementation of the ZDD diagrams as C++ package and Python modules.

ZDD äèàãðàììû ñ îáùèì êýøåì

Ï.Â. Ôîêèí (ÑÃÓ, Ñàðàòîâ)

Þ.A. Áëèíêîâ (ÑÃÓ, Ñàðàòîâ)
E-mail address: fokinpv@gmail.com, blinkovua@info.sgu.ru

Èñïîëüçîâàíèå ZDD äèàãðàìì ñ îáùèì êýøåì êàê ïðåäñòàâëåíèÿ áóëåâûõ ïîëèíîìîâ ïðè
ïîñòðîåíèå èíâîëþòèâíûõ áàçèñîâ Ãð¼áíåðà.

Äëÿ ïðåäñòàâëåíèÿ àâòîðåäóöèðîâàííîãî ìíîæåñòâà èìååò ìåñòî ñëåäóþùàÿ îöåíêà ïî ïàìÿòè
äëÿ ñàìîãî õóäøåãî ñëó÷àÿ ïðè ïðåäñòàâëåíèå ïîëèíîìîâ â âèäå ñïèñêà ìîíîìîâ

• Θ(n2d−1) äëÿ ïðåäñòàâëåíèÿ ïîëèíîìîâ â âèäå ñïèñêà ìîíîìîâ ñ óïîðÿäî÷åíèåì
ñîâìåñòèìûì ñî ñòåïåíüþ è ëåêñèêîãðàôè÷åñêèì;

• Θ(nd) äëÿ ïðåäñòàâëåíèÿ ïîëèíîìîâ â âèäå ZDD äèàãðàìì ñ óïîðÿäî÷åíèåì ñîâìåñòèìûì
ñî ñòåïåíüþ;

• Θ(nd−1) äëÿ ïðåäñòàâëåíèÿ ïîëèíîìîâ â âèäå ZDD äèàãðàìì ñ ëåêñèêîãðàôè÷åñêèì
óïîðÿäî÷åíèåì.

Êîìáèíèðîâàííûå ZDD äèàãðàììû, êàê ïðåäñòàâëåíèå ïîëèíîìà â âèäå ìíîæåñòâà ZDD
äèàãðàìì ñ îáùèì êýøåì. Ïðè òàêîì ïðåäñòàâëåíèè ìîæíî óñêîðèòü îñíîâíûå àðèôìåòè÷åñêèå
îïåðàöèè ñ áóëåâûìè ïîëèíîìàìè ïðè ïîñòðîåíèè áàçèñîâ Ãð¼áíåðà.

Ïðåäñòàâëåíèå ïðîãðàììíûõ ðåàëèçàöèÿ íà Python è C++.

8. On Application of Buchberger's Criteria in G
2
V Algorithm for Computing Gr�obner

Bases

V.P. Gerdt (LIT JINR, Dubna), A.Hashemi (Isfahan University of Technology, Isfahan, Iran)
E-mail address: gerdt@jinr.ru, Amir.Hashemi@cc.iut.ac.ir

As it was demonstrated by Faug�ere, his F5 algorithm is experimentally fastest among known Gr�obner
bases algorithms. Computational e�ciency of F5 comes not only from the use of linear algebra but
also from the application of author's F5 criterion for detection of useless zero reductions. At ISSAC
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2010 Gao, Guan and Volny presented G2V, a variant of the F5 algorithm, which is simpler than the
original version of F5. However, the incremental structure of G

2V, being appropriate for application of
the F5 criterion, is a serious obstacle to incorporate the second of Buchberger's criteria. In the given
paper we present a modi�cation of the G2V algorithm which incorporates both Buchberger's criteria.
To analyze the computational e�ect of the modi�cation, we have implemented the modi�ed algorithm
in Maple. Some of our benchmarking results for G2V and its modi�cation are given.

Îá èñïîëüçîâàíèè êðèòåðèåâ Áóõáåðãåðà â àëãîðèòìå G
2
V âû÷èñëåíèÿ áàçèñîâ

Ãðåáíåðà

Â.Ï. Ãåðäò (ËÈÒ ÎÈßÈ, Äóáíà), A. Õàøåìè (Òåõíîëîãè÷åñêèé óíèâåðñèòåò, Èñôàõàí, Èðàí)
E-mail address: gerdt@jinr.ru, Amir.Hashemi@cc.iut.ac.ir

Êàê áûëî ýêñïåðèìåíòàëüíî ïðîäåìîíñòèðîâàííî Ôîæåðîì, åãî àëãîðèòì F5 ÿâëÿåòñÿ ñàìûì
áûñòðûì ñðåäè àëãîðèòìîâ âû÷èñëåíèÿ áàçèñîâ Ãðåáíåðà. Âû÷èñëèòåëüíàÿ ýôôåêòèâíîñòü
F5 îáóñëîâëåíà íå òîëüêî èñïîëüçîâàíèåì ëèíåéíîé àëãåáðû íî è ïðèìåíåíèåì àâòîðñêîãî
êðèòåðèÿ F5 äëÿ âûÿâëåíèÿ áåñïîëåçíûõ íóëåâûõ ðåäóêöèé. Íà êîíôåðåíöèè ISSAC 2010 Ãàî,
Ãóàí è Âîëüíû ïðåäñòàâèëè G2V, âàðèàíò àëãîðèòìà F5, êîòîðûé ÿâëÿåòñÿ áîëåå ïðîñòûì
ïî ñâîåé ñòðóêòóðå, ÷åì îðèãèíàëüíàÿ âåðñèÿ F5. Îäíàêî èíêðåìåíòàëüíàÿ ñòðóêòóðà G2V,
èñïîëüçóåìàÿ â àëãîðèòìå äëÿ ïðèìåíåíèÿ êðèòåðèÿ F5, ÿâëÿåòñÿ ñåðüåçíûì ïðåïÿòñòâèåì äëÿ
èñïîëüçîâàíèÿ âòîðîãî êðèòåðèÿ Áóõáåðãåðà. Â íàñòîÿùåé ðàáîòå ïðåäñòàâëåíà ìîäèôèêàöèÿ
àëãîðèòìà G2V, ïîçâîëÿþùàÿ èñïîëüçîâàòü íå òîëüêî ïåðâûé, íî è âòîðîé êðèòåðèé Áóõáåðãåðà.
Äëÿ ýêñïåðèìåíòàëüíîãî àíàëèçà âû÷èñëèòåëüíîãî ýôôåêòà îò ïðåäëîæåííîé ìîäèôèêàöèè ìû
ðåàëèçîâàëè ìîäèôèöèðîâàííûé àëãîðèòì íà ÿçûêå Maple. Ïðèâåäåíî ñðàâíåíèå G2V è åãî
ìîäèôèêàöèè íà ðÿäå òåñòîâûõ ïðèìåðîâ.

9. The key features of Sage � the computer algebra system

M.N. Gevorkyan (PFU, Moscow)
E-mail address: mngevorkyan@sci.pfu.edu.ru

Sage � free computer algebra system, developed in Python since 2005 (www.sagemath.org). Interac-
tion with other computer algebra systems (GAP, Maxima, Singular) and the package for numerical
computations (GSL, SciPy, NumPy, ATLAS). Sage Notebook gives the opportunity to work remotely.
As a ploting Matplotlib is being used (makes it possible to use the LATEXcode when creating graph-
ics). It should be also noted the interaction of LATEX, and Sage (Sage commands used directly in the
LATEX-documents)

Îñîáåííîñòè ñèñòåìû êîìïüþòåðíîé àëãåáðû Sage

Ì.Í. Ãåâîðêÿí (ÐÓÄÍ, Ìîñêâà)
E-mail address: mngevorkyan@sci.pfu.edu.ru

Îáçîð Sage � ñâîáîäíîé ñèñòåìû êîìïüþòåðíîé àëãåáðû, ðàçðàáàòûâàåìàÿ íà ÿçûêå Python
ñ 2005 ãîäà (www.sagemath.org). Âçàèìîäåéñòâèå ñ äðóãèìè ñèñòåìàìè êîìïüþòåðíîé àëãåáðû
(GAP, Maxima, Singular) è ïàêåòàìè äëÿ ÷èñëåííûõ ðàñ÷åòîâ (GSL, SciPy, NumPy, ATLAS). Âåá-
èíòåðôåéñ Sage Notebook äàåò âîçìîæíîñòü óäàëåííîé ðàáîòû. Â êà÷åñòâå ñèñòåìû âèçóàëèçàöèè
èñïîëüçóåòñÿ áèáëèîòåêà Matplotlib (â òîì ÷èñëå äàåò âîçìîæíîñòü èñïîëüçîâàòü LATEXêîä ïðè
ñîçäàíèè ãðàôè÷åñêèõ èçîáðàæåíèé). Îòäåëüíî ñòîèò îòìåòèòü âçàèìîäåéñòâèå LATEX'à è Sage
(èñïîëüçîâàíèå êîìàíä Sage íåïîñðåäñòâåííî â LATEX-äîêóìåíòàõ).

10. Symbolic Numeric investigation dynamics of an axisymmetric satellite under in�uence
of gravitational and gyrostatic torques

Gutnik Sergey (Moscow Institute of Physics and Technology)
E-mail address: s.gutnik@inno.mgimo.ru

Dynamics of attitude motion of an axisymmetric satellite moving along a circular orbit under in�uence
of gravitational and gyrostatic torques is investigated. Using computer algebra systems Mathematica
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and Maple stationary equation of motion are obtained, all equilibrium orientations of the satellite
in the orbital coordinate system are determined numerically and su�cient conditions of stability of
equilibria are investigated.

Ñèìâîëüíî - ÷èñëåííûå ìåòîäû èññëåäîâàíèÿ äèíàìèêè îñåñèììåòðè÷íîãî
ñïóòíèêà ïîä äåéñòâèåì ãðàâèòàöèîííîãî è ãèðîñòàòè÷åñêîãî ìîìåíòîâ

Ñ.À. Ãóòíèê (Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò)
E-mail address: s.gutnik@inno.mgimo.ru

Èññëåäóåòñÿ äèíàìèêà âðàùàòåëüíîãî äâèæåíèÿ îñåñèììåòðè÷íîãî ñïóòíèêà íà êðóãîâîé îðáèòå
ïîä äåéñòâèåì ãðàâèòàöèîííîãî è ãèðîñòàòè÷åñêîãî ìîìåíòîâ. Ñ èñïîëüçîâàíèåì ñèñòåì
êîìïüþòåðíîé àëãåáðû Mathematica è Maple ïîëó÷åíû óðàâíåíèÿ ñòàöèîíàðíûõ äâèæåíèé
ñïóòíèêà, ÷èñëåííî îïðåäåëåíû âñå ïîëîæåíèÿ ðàâíîâåñèÿ ñïóòíèêà â îðáèòàëüíîé ñèñòåìå
êîîðäèíàò, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ïîëîæåíèé ðàâíîâåñèÿ. Ïðîâåäåíî
èññëåäîâàíèå óñòîé÷èâîñòè, ïîëó÷åííûõ ïîëîæåíèé ðàâíîâåñèÿ.

11. Symbolic-Numerical Algorithm for Calculations of Rydberg States and Decay Rates in
Strong Magnetic Fields

L. Hai, A. Gusev, S. Vinitsky, O. Chuluunbaatar, V. Gerdt, V. Rostovtsev (JINR, Dubna)
E-mail address: luonglehai_tcl@yahoo.com.vn, gooseff@jinr.ru

Symbolic-numeric algorithm for solving of the boundary value problem for the Schr�odinger equation
in cylindrical coordinates is given. This problem describes the impurity states of a quantum wire or a
hydrogen-like atom in a strong homogeneous magnetic �eld. It is solved by applying the Kantorovich
method that reduces the problem to the boundary one for a set of ordinary di�erential equations with
respect to the longitudinal variables. The e�ective potentials of these equations are given by integrals
over the transverse variable. The integrands are products of the transverse basis functions depending
on the longitudinal variable as a parameter and their �rst derivatives. To solve the problem at high
magnetic quantum numbers |m| and study its solutions we present an algorithm implemented in Maple
that allows to obtain analytic expressions for the e�ective potentials, eigenenergies and eigenfunctions,
and for the transverse dipole moment matrix elements. The e�ciency and accuracy of the derived
algorithm and that of Kantorovich numerical scheme are con�rmed by calculating eigenenergies and
eigenfunctions, dipole moments and decay rates of low-excited Rydberg states at high |m| ∼ 200 of a
hydrogen atom in the laboratory homogeneous magnetic �eld γ ∼ 2.3510−5 (B ∼ 6T).

Ñèìâîëüíî-÷èñëåííûé àëãîðèòì äëÿ ðàñ÷¼òà ðèäáåðãîâñêèõ ñîñòîÿíèé è ñêîðîñòåé
ðàñïàäà â ñèëüíûõ ìàãíèòíûõ ïîëÿõ

Ë. Õàé, À. Ãóñåâ, Ñ. Âèíèöêèé, Î. ×óëóóíáààòàð, Â. Ãåðäò, Â. Ðîñòîâöåâ (ÎÈßÈ, Äóáíà).
E-mail address: luonglehai_tcl@yahoo.com.vn, gooseff@jinr.ru

Ïðåäñòàâëåí ñèìâîëüíî-÷èñëåííûé àëãîðèòì ðåøåíèÿ êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ
Øð¼äèíãåðà â öèëèíäðè÷åñêèõ êîîðäèíàòàõ. Ýòà çàäà÷à îïèñûâàåò ïðèìåñíûå ñîñòîÿíèÿ
â êâàíòîâûõ ïðîâîëîêàõ èëè â âîäîðîäîïîäîáíûõ àòîìàõ â ñèëüíîì îäíîðîäíîì ìàãíèòíîì
ïîëå. Èñõîäíàÿ çàäà÷à ðåäóöèðóåòñÿ ñ ïîìîùüþ ìåòîäà Êàíòîðîâè÷à ê ãðàíè÷íîé çàäà÷å äëÿ
ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî ïðîäîëüíûõ ïåðåìåííûõ.
Ýôôåêòèâíûå ïîòåíöèàëû ýòèõ óðàâíåíèé äàþòñÿ èíòåãðàëàìè ïî ïîïåðå÷íîé ïåðåìåííîé.
Ïîäûíòåãðàëüíûå âûðàæåíèÿ � ïðîèçâåäåíèÿ ïîïåðå÷íûõ áàçèñíûõ ôóíêöèé, çàâèñÿùèõ îò
ïðîäîëüíîé ïåðåìåííîé êàê îò ïàðàìåòðà, è èõ ïåðâûõ ïðîèçâîäíûõ ïî ïàðàìåòðó. Äëÿ ðåøåíèÿ
çàäà÷è ïðè áîëüøèõ ìàãíèòíûõ êâàíòîâûõ ÷èñëàõ |m| è àíàëèçà å¼ ðåøåíèé, ïðåäñòàâëåí
àëãîðèòì, ðåàëèçîâàííûé â ñèñòåìå Maple, êîòîðûé ïîçâîëÿåò ïîëó÷àòü àíàëèòè÷åñêèå
âûðàæåíèÿ äëÿ ýôôåêòèâíûõ ïîòåíöèàëîâ, ñîáñòâåííûõ ôóíêöèé è ñîáñòâåííûõ çíà÷åíèé,
ýëåìåíòîâ ìàòðèöû äèïîëüíûõ ìîìåíòîâ. Ýôôåêòèâíîñòü è òî÷íîñòü àëãîðèòìà è ñõåìû
Êàíòîðîâè÷à ïîäòâåðæäåíû, ðàñ÷¼òîì ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé, äèïîëüíûõ
ìîìåíòîâ è ñêîðîñòåé ðàñïàäà íèçêîëåæàùèõ ðèäáåðãîâñêèõ ñîñòîÿíèé ïðè |m| ∼ 200 àòîìà
âîäîðîäà â ëàáîðàòîðíîì îäíîðîäíîì ìàãíèòíîì ïîëå γ ∼ 2.3510−5 (B ∼ 6T).
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12. Quantum Mechanics and Bilinear Permutation Invariants of Finite Groups

V.V. Kornyak (LIT JINR, Dubna)
E-mail address: kornyak@jinr.ru

Any quantum-mechanical problem can be formulated in an invariant subspace of permutation repre-
sentation of a group (without loss of physical content it is su�cient to consider �nite groups). The
scalar products in the invariant subspaces (required to state the Born rule � the main postulate of
quantum mechanics relating mathematical description with observation) are linear combinations of a
set of independent bilinear invariant forms of permutation representation. A complete set of such forms
for any permutation group can be easily calculated using a simple algorithm.

Êâàíòîâàÿ ìåõàíèêà è áèëèíåéíûå ïåðåñòàíîâî÷íûå èíâàðèàíòû êîíå÷íûõ ãðóï

Â.Â. Êîðíÿê (ËÈÒ ÎÈßÈ, Äóáíà)
E-mail address: kornyak@jinr.ru

Ëþáàÿ êâàíòîâî-ìåõàíè÷åñêàÿ çàäà÷à ìîæåò áûòü ñôîðìóëèðîâàíà â èíâàðèàíòíîì ïîä-
ïðîñòðàíñòâå ïåðåñòàíîâî÷íîãî ïðåäñòàâëåíèÿ íåêîòîðîé ãðóïïû (áåç ïîòåðè ôèçè÷åñêîãî
ñîäåðæàíèÿ äîñòàòî÷íî ðàññìàòðèâàòü êîíå÷íûå ãðóïïû). Ñêàëÿðíûå ïðîèçâåäåíèÿ â èí-
âàðèàíòíûõ ïîäïðîñòðàíñòâàõ (íåîáõîäèìûå äëÿ ôîðìóëèðîâêè ïðàâèëà Áîðíà � îñíîâíîãî
ïîñòóëàòà êâàíòîâîé ìåõàíèêè, ñâÿçûâàþùåãî ìàòåìàòè÷åñêîå îïèñàíèå ñ íàáëþäåíèåì)
ïðåäñòàâëÿþò ñîáîé ëèíåéíûå êîìáèíàöèè íåêîòîðîãî íàáîðà íåçàâèñèìûõ áèëèíåéíûõ
èíâàðèàíòíûõ ôîðì ïåðåñòàíîâî÷íîãî ïðåäñòàâëåíèÿ. Ïîëíûé íàáîð òàêèõ ôîðì äëÿ ëþáîé
ãðóïïû ïåðåñòàíîâîê ìîæíî ëåãêî âû÷èñëèòü ñ ïîìîùüþ ïðîñòîãî àëãîðèòìà.

13. CAS meets tensors

D.S. Kulyabov (PFU, Moscow)

A.V. Korolkova (PFU, Moscow)
E-mail address: yamadharma@gmail.com, avkorolkova@gmail.com

We observe the possibilities of tensor calculus in the free computer algebra systems. Several types of
tensor calculus are provided. The speci�cs and scope of each the type are discussed.

As an example of tensor calculus are specialized system Cadabra and versatile system Maxima as
typical representatives of their category are presented. Features of their application illustrated by the
example of Maxwell's equations in curved coordinates.

Òåíçîðíûå âû÷èñëåíèÿ â ñèñòåìàõ êîìïüþòåðíîé àëãåáðû

Ä.Ñ. Êóëÿáîâ (ÐÓÄÍ, Ìîñêâà)

A.Â. Êîðîëüêîâà (ÐÓÄÍ, Ìîñêâà)
E-mail address: yamadharma@gmail.com, avkorolkova@gmail.com

Ðàññìàòðèâàþòñÿ âîçìîæíîñòè òåíçîðíûõ âû÷èñëåíèé â ñâîáîäíûõ ïàêåòàõ êîìïüþòåðíîé
àëãåáðû. Âûäåëÿåòñÿ íåñêîëüêî òèïîâ òåíçîðíûõ ðàñ÷¼òîâ, îáñóæäàåòñÿ ñïåöèôèêà è îáëàñòü
ïðèìåíåíèÿ êàæäîãî òèïà.

Â êà÷åñòâå ïðèìåðà ðåàëèçàöèè òåíçîðíûõ âû÷èñëåíèé ïðèâîäÿòñÿ ñïåöèàëèçèðîâàííàÿ
ñèñòåìà Cadabra è óíèâåðñàëüíàÿ ñèñòåìà Maxima êàê òèïè÷íûå ïðåäñòàâèòåëè ñâîèõ
êàòåãîðèé. Îñîáåííîñòè èõ ïðèìåíåíèÿ äåìîíñòðèðóþòñÿ íà ïðèìåðå óðàâíåíèé Ìàêñâåëëà â
êðèâîëèíåéíûõ êîîðäèíàòàõ.

14. Symbolic solving of systems of linear ordinary di�erential equations with assured
accuracy

N.A. Malashonok (Derzhavin TSU, Tambov)

M.A. Rybakov (Derzhavin TSU, Tambov)
E-mail address: namalaschonok@gmail.com, mixail08101987@mail.ru
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There is produced an algorithm of symbolic solving of systems of linear ordinary di�erential equations
with constant coe�cients, based on an application of Laplace transform. A part of the algorithm is
a calculating of a desired accuracy of the input system. The algorithm is included into the library of
Mathpar. Examples of solving in Mathpar are demonstrated.

Ñèìâîëüíîå ðåøåíèå ñèñòåì ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ òðåáóåìîé òî÷íîñòüþ

Í.À. Ìàëàøîíîê (ÒÃÓ èì. Ã.Ð.Äåðæàâèíà, Òàìáîâ)

Ì.À. Ðûáàêîâ (ÒÃÓ èì. Ã.Ð.Äåðæàâèíà, Òàìáîâ)
E-mail address: namalaschonok@gmail.com, mixail08101987@mail.ru

Ïðèâîäèòñÿ àëãîðèòì ñèìâîëüíîãî ðåøåíèÿ ñèñòåìû ëèíåéíûõ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, îñíîâàííûé íà ïðèìåíåíèè
ïðåîáðàçîâàíèÿ Ëàïëàñà. Ñîñòàâíîé ÷àñòüþ àëãîðèòìà ÿâëÿåòñÿ ïîëó÷åíèå òðåáóåìîé òî÷íîñòè
ðåøåíèÿ èñõîäíîé ñèñòåìû. Àëãîðèòì âõîäèò â ñîñòàâ áèáëèîòåêè àëãîðèòìîâ ñèñòåìû Mathpar.
Ïðèâîäÿòñÿ ïðèìåðû ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â ñèñòåìå Mathpar.

15. On the DoCon-Haskell � Axiom Interface Project

S.D. Mechveliani (PSI RAS, Pereslavl-Zalessky)
E-mail address: mechvel@botik.ru

This work is on the computer algebra (CA) software design. We brie�y describe the project
of the interface between the CA systems of DoCon and Axiom. The former is a library
written in a purely functional and �lazy� language Haskell. Axiom has a larger library,
and it is written is a non-functional and strict language Spad. The interface is based on
a) the string exchange, b) Unix named pipes, c) special fast parsers at each end, programmed in
a categorial style, d) a certain restricted Spad facility for run-time computation of a domain.

Î ïðîåêòå èíòåðôåéñà DoCon-Haskell �- Axiom

Ñ.Ä. Ìåøâåëèàíè (ÈÏÑ ÐÀÍ, Ïåðåñëàâëü-Çàëåññêèé)
E-mail address: mechvel@botik.ru

Îïèñûâàåòñÿ ðàçðàáîòêà ïðîãðàììû � èíòåðôåéñà äâóõ ñèñòåì âû÷èñëèòåëüíîé àëãåáðû
(CA): DoCon è Axiom. Ïåðâàÿ åñòü áèáëèîòåêà ÑÀ, íàïèñàííàÿ íà ôóíêöèîíàëüíîì è
�ëåíèâîì� ÿçûêå Haskell. Âòîðàÿ åñòü áîëåå îáøèðíàÿ áèáëèîòåêà CA, íàïèñàííàÿ íà íå-
ôóíêöèîíàëüíîì è ïðÿìîì ÿçûêå Spad. Èíòåðôåéñ îñíîâàí íà à) îáìåíå ñòðîêàìè,
á) èìåíîâàííûõ òðóáêàõ (Unix named pipes), â) îñîáîì ïàðñåðå íà îáåèõ ñòîðîíàõ èíòåðôåéñà,
çàïðîãðàììèðîâàííîì â êàòåãîðíîì ñòèëå, ã) äàâàåìîé ÿçûêîì Spad íåêîòîðîé âîçìîæíîñòè
âû÷èñëÿòü îáëàñòè (òèïû).

16. On rational function solutions of linear partial di�erential or di�erence equations

S.V. Paramonov (MSU, Moscow)

E-mail address: s.v.paramonov@yandex.ru

We prove that the problem whether a given homogeneous linear partial di�erential or di�erence equa-
tion with polynomial coe�cients has a non-zero rational function solution is algorithmically undecid-
able.

Î äðîáíî-ðàöèîíàëüíûõ ðåøåíèÿõ ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè èëè ðàçíîñòÿìè

Ñ.Â. Ïàðàìîíîâ (ÌÃÓ, Ìîñêâà)
E-mail address: s.v.paramonov@yandex.ru

Äîêàçûâàåòñÿ, ÷òî â îáùåì ñëó÷àå çàäà÷à ðàñïîçíàâàíèÿ ñóùåñòâîâàíèÿ íåíóëåâûõ äðîáíî-
ðàöèîíàëüíûõ ðåøåíèé äëÿ èìåþùåãî ïîëèíîìèàëüíûå êîýôôèöèåíòû ëèíåéíîãî îäíîðîäíîãî
óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè èëè ðàçíîñòÿìè àëãîðèòìè÷åñêè íåðàçðåøèìà.
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17. Local version of the AXIOM system

A.M. Raportirenko (JINR, Dubna)
E-mail address: ram@sunct1.jinr.ru

Now there are three versions of the AXIOM system � fricas, axiom and open-axiom. Each of them
evloves in its own direction, and all of them are oriented on using Common LISP in ANSI standard.

It wanted to author to have the version of the system most approached to original version, where there
are its such components as ALDOR and NAG link. Now this system works under gcl version of the
Common LISP.

The activities are provided to reanimate the grandfather of the cmucl � spice-lisp, which is planned to
use in the �nal version of the system.

Ëîêàëüíàÿ âåðñèÿ ñèñòåìû AXIOM

À.Ì. Ðàïîðòèðåíêî (ÎÈßÈ, Äóáíà)
E-mail address: ram@sunct1.jinr.ru

Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò òðè âåðñèè ñèñòåìû AXIOM � fricas, axiom è open-axiom. Êàæäàÿ
èç íèõ ýâîëþöèîíèðóåò â ñâîåì íàïðîâëåíèè, è âñå îíè îðèåíòèðîâàíû íà èñïîëüçîâàíèå Common
LISP â ñòàíäàðòå ANSI.

Àâòîðó çàõîòåëîñü èìåòü âåðñèþ ñèñòåìû ìàêñèìàëüíî ïðèáëèæåííîé ê îðèãèíàëüíîé, ãäå
ïðèñóòñòâóþò òàêèå åå êîìïîíåíòû êàê ALDOR è NAG link. Â íàñòîÿùåå âðåìÿ ýòà ñèñòåìà
ðàáîòàåò ñ èñïîëüçîâàíèåì gcl âåðñèè Common LISP.

Âåäåòñÿ ðàáîòà ïî îæèâëåíèþ ïðàðîäèòåëÿ cmucl � spice-lisp, êîòîðûé è ïðåäïîëàåòñÿ
èñïîëüçîâàòü â îêîí÷àòåëüíîé âåðñèè ñèñòåìû.

18. The Digital Universe: Loop Quantum Cosmology of Abhay Ashtekar, logic aspect

V.S. Rikhvitsky (JINR, LIT, Dubna)

E-mail address: rqvtsk@mail.ru

The considered Universe exists so far as there exist consistent logic-mathematical model.

The example of Loop Quantum Cosmology of Bianchi type II model has been presented in the form of
the knowledge base in predicates language. The reality of substances in knowledge base implemented
via handling of requests to the knowledge base. The answer supplies by the standard mechanism of a
logic deduction.

Language of model presentation is the predicates with "intrinsic" ones, implementing analytical eval-
uations in Maple system.

It is also the known fact, that for each consistent theory in predicate logic there exists its enumerable
(in cardinality sense) model.

Öèôðîâàÿ Âñåëåííàÿ: Ïåòëåâàÿ Êâàíòîâàÿ Êîñìîëîãèÿ Àáýÿ Àøòåêàðà,
ëîãè÷åñêèé àñïåêò

Â.Ñ. Ðèõâèöêèé (ÎÈßÈ, ËÈÒ, Äóáíà)

E-mail address: rqvtsk@mail.ru

Ðàññìàòðèâàåòñÿ òåçèñ, ÷òî îáñóæäàåìàÿ Âñåëåííàÿ ñóùåñòâóåò ïîñòîëüêó, ïîñêîëüêó ñóùåñòâóåò
åå íåïðîòèâîðå÷èâàÿ ëîãèêî-ìàòåìàòè÷åñêàÿ ìîäåëü.

Ïðèâåäåí ïðèìåð ïåòëåâîé êâàíòîâîé êîñìîëîãè÷åñêîé ìîäåëè òèïà Áüÿíêè II â âèäå áàçû çíàíèé
íà ÿçûêå ïðåäèêàòîâ. Ðåàëüíîñòü ñóùíîñòåé â ðàìêàõ áàçû çíàíèé çàêëþ÷àåòñÿ â òîì, ÷òî ïðè
îáðàáîòêå çàïðîñîâ ê áàçå çíàíèé îòâåò äîñòàâëÿåò ñòàíäàðòíûé ìåõàíèçì ëîãè÷åñêîãî âûâîäà.

ßçûêîì îïèñàíèÿ ïðåäñòàâëåííîé ìîäåëè ÿâëÿåòñÿ ÿçûê ïðåäèêàòîâ, äîïîëíåííûé
"âñòðîåííûìè" ïðåäèêàòàìè, ðåàëèçóþùèìè àíàëèòè÷åñêèå âû÷èñëåíèÿ â ñèñòåìà Maple.

Ñëåäóåò òàêæå îòìåòèòü èçâåñòíûé ôàêò, ÷òî äëÿ êàæäîé íåïðîòèâîðå÷èâîé òåîðèè â ëîãèêå
ïðåäèêàòîâ ñóùåñòâóåò åå ñ÷åòíàÿ (â ñìûñëå ìîùíîñòè ìíîæåñòâà) ìîäåëü.
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19. Proof that Darboux Wronskian Formulas describe all Darboux Transformations of order
two (Computing Center of the RAS, Moscow, Russia)

E-mail address: shemyakova.katya@gmail.com

Darboux Transformation (DT) have been used for exact solution of linear and non-linear PDEs. Dar-
boux Wronskians formulas allow to construct a DT given some number of particular solutions of the
initial PDE. It has been proved earlier that famous Laplace transformations are the only DTs of order
one that cannot be represented as a Darboux Wronskian. Here we prove rather unexpected result:
every DTs of order two can be represented as a Darboux Wronskian.

Äîêàçàòåëüñòâî òîãî, ÷òî Âðîíñêèàíû Äàðáó îïèñûâàþò âñå âîçìîæíûå
ïðåîáðàçîâàíèÿ Äàðáó ïîðÿäêà äâà (ÂÖ ÐÀÍ, Ìîñêâà)

E-mail address: shemyakova.katya@gmail.com

Ïðåîáðàçîâàíèÿ Äàðáó (ÏÄ) èñïîëüçóþòñÿ äëÿ òî÷íîãî ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ
Óð×Ïîâ. Âðîíñêèàíû Äàðáó - ýòî ôîðìóëû, ïîçâîëÿþùèå ñòðîèòü ÏÄ ïî íåêîòîðîìó ÷èñëó
÷àñòíûõ ðåøåíèé èñõîäíîãî Óð×Ï. Ðàíåå áûëî äîêàçàíî, ÷òî õîðîøî èçâåñòíûå ïðåîáðàçîâàíèÿ
Ëàïëàñà ÿâëÿþòñÿ åäèíñòâåííûìè ÏÄ ïîðÿäêà îäèí, êîòîðûå íåëüçÿ ïîñòðîèòü ñ ïîìîùüþ
Âðîíñêèàíîâ Äàðáó. Çäåñü æå ìû äîêàæåì, äîâîëüíî íåîæèäàííî, ÷òî ëþáîå ÏÄ ïîðÿäêà äâà
ìîæíî ïîñòðîèòü ñ ïîìîùüþ Âðîíñêèàíîâ Äàðáó.

20. Determination of IVC Break Point for Josephson Junction Stack.
Periodic and Nonperiodic with γ = 0 Boundary Conditions

S.I. Serdyukova (LIT, JINR,Dubna)

and Yu.M.Shukrinov ( BLTP, JINR,Dubna)
E-mail address: sis@jinr.ru, shukrinv@theor.jinr.ru

In the case of periodic and nonperiodic with γ = 0 boundary conditions calculation of IVC for stack of
n Josephson junctions is reduced to solving the same unique equation η̈(t) = −βη̇(t) + I − sin(η(t)).
Solving this equation on the interval [0, Tmax] for di�erent I we get the current-voltage characteristic
V (I) as the Hysteresis loop. First the Cauchy problem with zero initial data η(I0, 0) = η̇(I0, 0) = 0 is
solved. For each next I = Ik+1 found η(Ik, Tmax) = η̇(Ik, Tmax) are used as initial data. On the back
branch of the Hysteresis loop V (I) decreases to zero rapidly near the break point Ib. The e�ective
numerical and analytical method of IVC calculation was developed. We succeeded to derive an equation
determining the approximate break point location Ĩb. This solves the problem of choosing a point of
going from analytical calculations to numerical: I = 2Ĩb. This mixed method showed perfect result in
IVC calculation for the stack of 9 Josephson junctions. The calculations were performed by using the
REDUCE 3.8 system.

Îïðåäåëåíèå êðèòè÷åñêîé òî÷êè ÂÀÕ ñèñòåìû äæîçåôñîíîâñêèõ ïåðåõîäîâ.
Ïåðèîäè÷åñêèå è íåïåðåîäè÷åñêèå ñ γ = 0 ãðàíè÷íûå óñëîâèÿ.

Ñ.È. Ñåðäþêîâà (ËÈÒ,ÎÈßÈ,Äóáíà)

Þ.Ì. Øóêðèíîâ (ÁËÒÔ,ÎÈßÈ, Äóáíà)
E-mail address: sis@jinr.ru, shukrinv@theor.jinr.ru

Â ðàññìàòðèâàåìûõ ñëó÷àÿõ âû÷èñëåíèå ÂÀÕ äëÿ ñèñòåì n äæîçåôñîíîâñêèõ ïåðåõîäîâ ñâîäèòñÿ
ê ðåøåíèþ îäíîãî è òîãî æå åäèíñòâåííîãî óðàâíåíèÿ

η̈(t) = −βη̇(t) + I − sin(η(t)).

Ðåøàÿ ýòî óðàâíåíèå íà èíòåðâàëå [0, Tmax] ïðè ðàçëè÷íûõ I, ïîëó÷àåì âîëüòàìïåðíóþ
õàðàêòåðèñòèêó V (I) â âèäå ïåòëè Ãèñòåðåçèñà. Ñíà÷àëà ðåøàåòñÿ çàäà÷à Êîøè ñ íóëåâûìè
íà÷àëüíûìè äàííûìè η(I0, 0) = η̇(I0, 0) = 0. Äëÿ êàæäîãî ñëåäóþùåãî I = Ik+1 íàéäåííûå
η(Ik, Tmax) = η̇(Ik, Tmax) èñïîëüçóþòñÿ êàê íà÷àëüíûå äàííûå. Íà îáðàòíîé âåòâè ïåòëè
Ãèñòåðåçèñà çíà÷åíèå V (I) áûñòðî ñïàäàåò ê íóëþ â îêðåñòíîñòè êðèòè÷åñêîé òî÷êè Ib.
Áûë ðàçðàáîòàí ýôôåêòèâíûé ÷èñëåííî-àíàëèòè÷åñêèé ìåòîä âû÷èñëåíèÿ ÂÀÕ. Íàì óäàëîñü
âûâåñòè óðàâíåíèå, îïðåäåëÿþùåå ïðèáëèæåííîå çíà÷åíèå Ib, Ĩb. Ýòî ðåøàåò ïðîáëåìó
âûáîðà òî÷êè ïåðåõîäà îò àíàëèòè÷åñêîãî ðàñ÷åòà ê ÷èñëåííîìó: I = 2Ĩb. Ïðåäëàãàåìûé
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÷èñëåííî-àíàëèòè÷åñêèé ìåòîä ïîêàçàë õîðîøèé ðåçóëüòàò ïðè âû÷èñëåíèè ÂÀÕ ñèñòåìû 9
äæîçåôñîíîâñêèõ ïåðåõîäîâ. Âû÷èñëåíèÿ áûëè âûïîëíåíû ñ èñïîëüçîâàíèåì ñèñòåìû REDUCE
3.8.

21. Optimization of bounds for polynomial roots

Doru �Stef�anescu (University of Bucharest, Romania)
E-mail address: stef@rms.unibuc.ro

We consider the bound R + ρ of Lagrange, which proved to be one of the best for estimating positive
roots of univariate polynomials. We re�ne to a bound S(R, ρ) < R+ ρ and deduce e�cient bounds for
the absolute values of poynomials with complex coe�cients. We also discuss the absolute positiveness
of some bounds for roots of polynomials with real coe�cients.

22. Universal Involutive Basis and Robbiano Border Bases

N.N. Vasilyev (PDMI RAS, St.Petersburg)
E-mail address: vasiliev@pdmi.ras.ru

We describe by natural geometric way some class of involutive divisions admitting a construction of
universal involitive basis. We describe also a connection between these universal involutive bases and
the construction of border bases by Robbiano.

Óíèâåðñàëüíûé èíâîëþòèâíûé áàçèñ è áîðäåð áàçèñû Ðîááèàíî

Í.Í.Âàñèëüåâ (Ñàíêò Ïåòåðáóðãñêîå îòäåëåíèå ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Â.À.Ñòåêëîâà
ÐÀÍ, Ñàíêò Ïåòåðáóðã)

E-mail address: vasiliev@pdmi.ras.ru

Ìû îïèñûâàåì â åñòåñòâåííîé ãåîìåòðè÷åñêèõ òåðìèíàõ êëàññ èíâîëþòèâíûõ äåëåíèé,
äîïóñêàþùèé êîíñòðóêöèþ óíèâåðñàëüíîãî èíâîëþòèâíîãî áàçèñà. Â äîêëàäå áóäåò ðàññêàçàíî
òàêæå î ñâÿçè ýòîé êîíñòðóêöèè óíèâåðñàëüíûõ èíâîëþòèâíûõ áàçèñîâ ñ áîðäåð áàçèñàìè
Ðîááèàíî.

23. About modeling of Markov processes with asimptotically central
measure on three dimensional Young diagrams

N.N. Vasilyev (PDMI RAS, St.Petersburg)
A.B. Terentiev (Spb.STU, St. Petersburg)

E-mail address: vasiliev@pdmi.ras.ru, alterterrific@gmail.com

The talk is devoted to computer modeling of Markov random walks on the three dimensional Young
graph. The vertices of this graph are corresponded to the three dimensional Young diagrams and
paths from the root vertex corresponds to the three dimensional Young tableaux. In three dimensional
case there are a lot of open questions about such kind of processes with central measure which give
us the same probability for all paths to the same diagram. For example it is not known any natural
generalization of Plancherel measure, which plays a great role in the representation theory of in�nite
symmetric group. We use an interpretation of Young tableaux as �nite monomial orderings and
transition probabilities of the process as discrete probability distributions on the generators of all zero
dimensional monomial ideals of three variables. It allows us to use the Robbiano parametrization
of admissible monomial orderings to study deviation of transition probabilities along di�erent paths
connected the same pair of diagrams.

Ìîäåëèðîâàíèå ìàðêîâñêèõ ïðîöåññîâ ñ àñèìïòîòè÷åñêè öåíòðàëüíîé ìåðîé íà
òðåõìåðíûõ äèàãðàììàõ Þíãà

Í.Í.Âàñèëüåâ (Ñàíêò Ïåòåðáóðãñêîå îòäåëåíèå ìàòåìàòè÷åñêîãî èíñòèòóòà èì.
Â.À.Ñòåêëîâà ÐÀÍ, Ñàíêò Ïåòåðáóðã)

À.Á.Òåðåíòüåâ (Ñàíêò Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé ïîëèòåõíè÷åñêèé èíñòèòóò)
E-mail address: vasiliev@pdmi.ras.ru, alterterrific@gmail.com



Äîêëàä ïîñâÿùåí êîìïüþòåðíîìó ìîäåëèðîâàíèþ ìàðêîâñêèõ ñëó÷àéíûõ áëóæäàíèé íà
òðåõìåðíîì ãðàôå Þíãà. Âåðøèíû ýòîãî ãðàôà ñîîòâåòñòâóþò òðåõìåðíûì äèàãðàììàì Þíãà,
à ïóòè èç êîðíåâîé âåðøèíû òðåõìåðíûì òàáëèöàì Þíãà. Â ñëó÷àå äâóìåðíîãî ãðàôà Þíãà
ïðîöåññû ñ öåíòðàëüíîé ìåðîé ñîîòâåòñòâóþò õàðàêòåðàì áåñêîíå÷íîé ñèììåòðè÷åñêîé ãðóïïû è
îñîáóþ ðîëü ñðåäè òàêèõ ìåð èãðàåò ìåðà Ïëàíøåðåëÿ. Â òðåõìåðíîì ñëó÷àå èìååòñÿ ìíîæåñòâî
îòêðûòûõ âîïðîñîâ êàñàþùèõñÿ ïðîöåññîâ, ïîðîæäàþùèõ öåíòðàëüíûå ìåðû è, â ÷àñòíîñòè,
ïðàêòè÷åñêè íè÷åãî íå íåèçâåñòíî î òðåõìåðíûõ àíàëîãàõ ìåðû Ïëàíøåðåëÿ. Ìû èñïîëüçóåì
èíòåðïðåòàöèþ òàáëèö Þíãà êàê ìîíîìèàëüíûõ óïîðÿäî÷åíèé, à ïåðåõîäíûõ âåðîÿòíîñòåé
ñîîòâåòñòâóþùåãî ìàðêîâñêîãî ïðîöåññà, êàê âåðîÿòíîñòíûõ ðàñïðåäåëåíèé íà îáðàçóþùèõ
òðåõìåðíûõ ìîíîìèàëüíûõ èäåàëîâ. Ýòî ïîçâîëÿåò èñïîëüçîâàòü ïàðàìåòðèçàöèþ Ðîááèàíî
äîïóñòèìûõ óïîðÿäî÷åíèé äëÿ èññëåäîâàíèÿ îòêëîíåíé ïåðåõîäíûõ âåðîÿòíîñòåé âäîëü ðàçíûõ
ïóòåé, ñîåäèíÿþùèõ äâå ôèêñèðîâàííûå äèàãðàììû Þíãà.

24. Counting k-gons in �nite projective planes by explicit formulae for the numbers of
cycles in graphs

A.N. Voropaev (Petrozavodsk State University, Petrozavodsk)
E-mail address: voropaev@psu.karelia.ru

Via the graphs of �nite projective planes, we demonstrate a technique for symbolic evaluation of explicit
expressions for counting �xed length cycles in undirected graphs. Cycles of length 2 k in plane's graph
correspond to k-gons in the plane. The numbers of k-gons, k = 3, 4, 5, 6, were previously expressed as
the values of polynomials in plane's order. It was expected that perhaps the numbers of 10-gons in
non-isomorphic planes of the same order would di�er.

Due to particular qualities of �nite projective planes' graphs � they are bipartite and have no 4-
cycles � we could derive speci�c formulae for counting up to 20-cycles in graphs with such properties.
Symbolic evaluation of derived formulae resulted in polynomials corresponding to the numbers of k-
gons, k = 3, 4, . . . , 10.

Ïîäñ÷¼ò k-óãîëüíèêîâ â êîíå÷íûõ ïðîåêòèâíûõ ïëîñêîñòÿõ ïî ÿâíûì ôîðìóëàì
äëÿ îïðåäåëåíèÿ êîëè÷åñòâà öèêëîâ â ãðàôàõ

À.Í. Âîðîïàåâ (Ïåòðîçàâîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ïåòðîçàâîäñê)
E-mail address: voropaev@psu.karelia.ru

Íà ïðèìåðå ãðàôîâ êîíå÷íûõ ïðîåêòèâíûõ ïëîñêîñòåé äåìîíñòðèðóåòñÿ òåõíèêà ñèìâîëüíûõ
ïðåîáðàçîâàíèé ÿâíûõ âûðàæåíèé äëÿ ïîäñ÷¼òà öèêëîâ ôèêñèðîâàííîé äëèíû. Öèêëû äëèíû 2 k
â ãðàôå ïëîñêîñòè ñîîòâåòñòâóþò k-óãîëüíèêàì â ïëîñêîñòè. Ðàíåå áûëè èçâåñòíû ìíîãî÷ëåíû,
ïðåäñòàâëÿþùèå çàâèñèìîñòü ÷èñåë k-óãîëüíèêîâ â ïëîñêîñòè îò å¼ ïîðÿäêà, ïðè k = 3, 4, 5, 6.
Îæèäàëîñü, ÷òî íåèçîìîðôíûå ïëîñêîñòè îäíîãî è òîãî æå ïîðÿäêà ìîãóò îòëè÷àòüñÿ â
êîëè÷åñòâå äåñÿòèóãîëüíèêîâ.

Áëàãîäàðÿ ó÷¼òó òîãî, ÷òî ãðàôû êîíå÷íûõ ïðîåêòèâíûõ ïëîñêîñòåé äâóäîëüíû è íå ñîäåðæàò
öèêëîâ äëèíû 4, ïðè âûâîäå ÿâíûõ ôîðìóë äëÿ ïîäñ÷¼òà öèêëîâ óäàëîñü ïðîäâèíóòüñÿ äî
çíà÷åíèÿ äëèíû öèêëà 20. Ïóò¼ì àíàëèòè÷åñêèõ ïðåîáðàçîâàíèé èç âûâåäåííûõ ÿâíûõ ôîðìóë
áûëè ïîëó÷åíû ìíîãî÷ëåíû, âûðàæàþùèå çàâèñèìîñòü êîëè÷åñòâà k-óãîëüíèêîâ â ïëîñêîñòè îò
å¼ ïîðÿäêà ïðè k = 3, 4, . . . , 10.

25. Analytic Algorithm for Solving Problems of Nonlinear Dynamics of Charge Particles in
a Toroidal Magnetic Field by the In�uence Functions Method

I.P. Yudin (Laboratory of High Energies Physics, JINR, Dubna)
E-mail address: yudin@jinr.ru

The symbolic algorithms for solving the nonlinear equations that describe the charged particle dy-
namical motion in a toroidal magnetic �eld are suggested. The algorithms are based on the method
of in�uence functions and on the matrix formalism. The formulae for the aberration coe�cients of
nonlinear optics up to the third order are obtained. The algorithm has been implemented in Fortran.
As an application the toroidal spectrometer for high energy physics is considered.
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Àíàëèòè÷åñêèé àëãîðèòì ðåøåíèÿ çàäà÷ íåëèíåéíîé äèíàìèêè çàðÿæåííûõ ÷àñòèö
â òîðîèäàëüíîì ìàãíèòíîì ïîëå ñ èñïîëüçîâàíèåì ìåòîäà ôóíêöèé âëèÿíèÿ

È.Ï. Þäèí (Ëàáîðàòîðèÿ ôèçèêè âûñîêèõ ýíåðãèé,ÎÈßÈ, Äóáíà)
E-mail address: yudin@jinr.ru

Ìåòîäîì ôóíêöèé âëèÿíèÿ ñ èñïîëüçîâàíèåì ìàòðè÷íîãî ôîðìàëèçìà ïîëó÷åíû àíàëèòè÷åñêèå
àëãîðèòìû ðåøåíèÿ óðàâíåíèÿ íåëèíåéíîé äèíàìèêè çàðÿæåííûõ ÷àñòèö â òîðîèäàäüíîì
ìàãíèòíîì ïîëå. Âïåðâûå ïîëó÷åíû ôîðìóëû äëÿ àáåððàöèîííûõ êîýôôèöèåíòîâ íåëèíåéíîé
îïòèêè äî òðåòüåãî ïîðÿäêà âêëþ÷èòåëüíî. Ïðåäëàãàåìûé àëãîðèòì ðåàëèçîâàí â âèäå
ïðîãðàììû íà ÿçûêå Ôîðòðàí. Â êà÷åñòâå ïðèëîæåíèÿ ðàññìîòðåí òîðîèäàëüíûé ñïåêòðîìåòð
äëÿ ôèçèêè âûñîêèõ ýíåðãèé.

26. Parallel Modular Computation of Involutive and Groebner Bases

D.A. Yanovich (LIT JINR, Dubna)
E-mail address: yan@jinr.ru

Author presents the algorithm and implementation for parallel computing of involutive basis using
modular approach. One approach for correct restoration of integer basis from modular images is given.

Ïàðàëëåëüíîå ìîäóëÿðíîå âû÷èñëåíèå áàçèñîâ Ãð¼áíåðà è èíâîëþòèâíûõ áàçèñîâ

Ä.À. ßíîâè÷ (ËÈÒ ÎÈßÈ, Äóáíà)
E-mail address: yan@jinr.ru

Â äàííîé ðàáîòå ïðåäñòàâëåí àëãîðèòì è ðåàëèçàöèÿ ïàðàëëåëüíîãî âû÷èñëåíèÿ èíâîëþòèâíîãî
áàçèñà ïðè ïîìîùè ìîäóëÿðíûõ âû÷èñëåíèé. Ðàññìîòðåíû ïðîáëåìû è ñïîñîáû êîððåêòíîãî
âîññòàíîâëåíèÿ öåëî÷èñëåííîãî áàçèñà ïî ìîäóëÿðíûì îáðàçàì.
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