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The Gauss–Euler Algorithm is monotonically, quadratically convergent to π:
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Although it requires only three state variables, they are mutually coupled and so the
Gauss–Euler algorithm is not parallelizable.

The naming of the algorithm credits its two most significant contributors [1,2].1 Here
we aim to present a Gauss–Euler Conjugate Algorithm, requiring only two variables to
trace, yet it is parallelizable and monotonically, quadratically convergent to 1/π:
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The Gauss–Euler Algorithm converges to π ascendingly whereas the Conjugate Algorithm
converges to 1/π ascendingly and so it converges to π descendingly.2

Note that the recurrence for sn:

sn+1 =

√
sn + 1/sn

2

is entirely independent of the recurrence for αn. This decoupling allows the following
pipelined execution:

• Core 1: Given sn, computes 1/sn, then Tn, then sn+1.

• Core 2: Receives Tn from Core 1 and computes αn+1.

1An objection raised in [3] was refuted in [4].
2We shall occasionally, for the sake of brevity, say “the Conjugate Algorithm” without implying any

lesser credit to either Gauss or Euler.
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In a pipelined implementation, the wall-clock time per iteration is dominated by the
slower of the two cores — Core 1 (which handles the square root), while Core 2 remains
idle after its quick division. In the Gauss–Euler Algorithm, by contrast, the updates for an,
bn, and tn are mutually coupled, forcing sequential execution and precluding paralleliza-
tion. Thus, though the Conjugate Algorithm requires two variable divisions per iteration
(against none in a division-optimised Gauss–Euler Algorithm), the overlap of work on two
cores can make their wall-clock times comparable. Running the two algorithms side by
side is therefore worth considering for record-breaking π computation.

Convergence of the Gauss-Euler Algorithm and its Conjugate Algorithm to π

Iteration Gauss-Euler Algorithm Conjugate Algorithm

0 2.9142135623730950488016 3.4142135623730950488016
1 3.1405792505221682483113 3.1426067539416226007907
2 3.1415926462135422821493 3.1415926609660442304977
3 3.1415926535897932382795 3.1415926535897932386457

Both algorithms might be viewed as instances of the Legendre relation which was given
in [1,2] as

π =
2M(β)M(γ)

N(β2) +N(γ2)− 1
,

where M(x) is the arithmetic-geometric mean of 1 and x and N(x) is the modified
arithmetic-geometric mean of 1 and x, whereas β and γ are assumed to be two posi-
tive numbers whose squares sum to one: β2 + γ2 = 1.

Nevertheless, the Legendre relation may be so interpreted so as to extend its domain
to variables, not necessarily real. In particular,
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The Gauss-Euler Algorithm might thus be regarded as corresponding to the value
β =

√
2, whereas the Conjugate Algorithm is then recognized as corresponding to the

“conjugate” value i =
√

1− β2, once we notice that it could have been initiated with
the complex values α−1 = 0 and s−1 =

√
i, merging with the described “real-valued”

Conjugate Algorithm after a single iteration!
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