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An eloquent formula for the perimeter of an ellipse was discovered on the 16th of
December, 2011, successfully terminating a quest which had lasted well over two millennia.
The length P of the perimeter of an ellipse with a semi-major axis of unit length and a
semi-minor axis of length β turned out to be expressible as

P = 2πN(β2)/M(β),

where M(x) is the arithmetic-geometric mean of 1 and x and N(x) is the modified
arithmetic-geometric mean of 1 and x, as defined in [1,2].

This eloquent formula was discussed in [4], further investigated in [3], and implemented
in [5]. It has become foundational to the ultimate formula for the perimeter of an ellipse
which we present today on the 4th of July, 2026.

The ultimate formula for P is monotonically quadratically convergent, where each
iterative step requires a single square root extraction:

P = lim
n→∞

Pn, Pn = 2π(Qn −Rn),

s0 =
√
β, Q0 = s0, R0 = 0,

sn+1 =

√
sn + 1/sn

2
, Qn+1 = 2 sn+1Qn, Rn+1 =

Qn +Rn

sn+1

.

So, in particular, for β = 1/
√

2, we have P = π/M(β)+2M(β) ≈ 5.40257552419070
2010, as calculated in [1,2], whereas, according to the ultimate formula, we have:

P0 ≈ 5.28350800118212351861,

P1 ≈ 5.40205684144748202238,

P2 ≈ 5.40257552031026189489,

P3 ≈ 5.4025755241907020099.
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