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This paper is inspired by a monumental construction of the regular 65537-gon by Hermes.
His immense manual calculations, which took well over a decade, might nowadays be reproduced
within a few days of merely organizing automated computations.

Introduction and statement

Johann Gustav Hermes (1846-1912) assembled his 221-large-format-page testament of the regular
65537-gon construction in a suitcase which is currently located at the University of Gottingen. The con-
struction itself, contrary to a common belief refuted by Nikolai Vavilov [2], was carried out in K6nigsberg
(now Kaliningrad), not Gottingen.! The construction was declared in 1894 under the title “Uber die
Teilung des Kreises in 65537 gleiche Teile” [1].

Let s? denote the sum:

32768/2" 93l
b ._ b —
Sg 1= ; c(a+k2°), c(l) :=2cos (m)7

where the number 3, appearing in the definition of the algebraic integer ¢(-), might be replaced with any
other generator of the multiplicative group of integers modulo the prime 65537 without altering the sum,
merely reordering its summands.

Note, in particular, that the sum sj, which we shall for the sake of brevity denote with s’, is the sum

of the 2°-th powers of a (fixed) primitive 65537 root of unity. So we have, s° = —1 and for each integer

b, 0 < b < 14, the sum s**! is a root of the quadratic polynomial

2 by bl btl

po(z) = op S

Our task is accomplished once we express the algebraic integer s1° = 2 cos(27/65537), which algebraic
degree over Q is 2'° = 32768, via nested quadratic radicals which we calculate via consecutively solving
15 quadratic equations.

We begin by observing that each product sgjlsb“ “resides” in an extension field of Q which algebraic

degree is 2°. It, in fact, might be expressed as an integer linear combination of algebraic integers which
algebraic degree, over Q, does not exceed 2°.

Expressing 15 products as integer linear combinations of algebraic integers
We successively calculate
s1s' = —16384,
s25% = —4096,
sis® = —1024 + 16(s] + s3 — 2s?) = —1024 + 1651 — 3257,

sgst = —256 — 1957 + 1653 — 1953 + 1353 — 1955 + 28s® = —256 — 19s] + 1655 + 3253 + 28s°,

IThus the title of our paper aims to emphasize the origin of the suitcase, not its current location.
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3?655 = —64 — 257 — 45y — Tsj — 45‘5l - 353l - 45‘% + 4525l — 657, + 81y + 63‘113 — 357, + 63‘115 + 16s*,

5955% = —16 — 457 + 455 — 353 + 455 + 252 + 355 + 353 + 655 — 4sy, + 657, — 3575 — 3575 — 5sYy
+ 6575 + 457 — 577 + 957 — dsTg — 4s3; + 553 + 1353, — 9836 + 537 — 335 + 539 — 353
— 585y — 1257,

35457 = —4— 5% 255+ sg + 85 + sg - 282 + 58 — 232 + 288 + 5?0 + 258, — 358, + 25?3 7

6 6 6 6 6 6 6 6 6 6 6 6 6 6
+ 875 + 2876 + 4877 — S5 + S1g — 2850 + So1 + S99 — 3833 — Sgq + 6855 — S35 — S37 + Sag
6 6 6 6 6 6 6 6 6 6 6 6 6 6
— 3839 — 3835 + 2833 — S34 — 2535 — 3536 — 3537 + 3535 — S39 — S0 — Sa1 + 2543 — S4q — 2545

6 6 6 6 6 6 6 6 6 6 6 6 6 6
— Sy 1 3848 + 3849 + S50 + 2853 + ds5y — 2555 — 2855 — S55 — Sgo T Sg1 + 4Sg2 — Sg3 — 4S7,

8 8 _ T T T T T 7 7 7 7 7 7 7 7 7 7
S1988" = 81+ 83+ Sy + 85+ S7 + S5+ 3819 + S14 + S15 + S16 + Sa0 + S22 + Sa5 + Sa6 + 3829 + S30

+ 2855 + 2854 + 555 + 2855 + 837 + 2558 + 2840 + 251; + 2555 + 845 + si7 + 545 + 531 + 556

+ 5807 + sty + 2859 + S0 + S + 2865 + 4sgs + 2867 + 2800 + 2804 + 280, + 287 + 2870 + 8T
+ 5§y + 2583 + 856 + 2587 + 2585 + 859 + 550 + 2504 + 855 + 2587 + 555 + 5g9 + 35700 + 25701
+ 28703 + 25104 + 35705 + 45706 + 25108 + 25709 + 5110 + 5111 T 45714 + 5115+ ST16 + 25117

7 7 7 7 7 7 7 7
+ S118 + S119 T 28191 + S123 + S124 + S125 + 28197 + 287,

9 9 8 8 8 8 8 8 8 8 8 8
Sog6S = 253 + Sy + S7 + S14 + S19 + 2528 + Sgg + 530 + 523 + 327 + S39 + 54811 + 323 + S44 + S?O + S51

10
55125

11
510245

12
520485

13
540965

14
581925
15

5163845

Note

8 8 8 8 8 8 8 8 8 8 8 8 8 8 8

+ S53 + S56 1 S59 + Sg1 + Se5 1+ Ses + S70 + S78 1 S79 + Sg1 + 3852 + g4 + Sgg + Sg9 + S106
8 8 8 8 8 8 8 8 8 8 8 8 8

+ ST09 t ST12 + S117 T S124 1 S12s + S135 + S1a2 + S1a6 + 28756 + S173 + S175 + 28785 + Sise

8 8 8 8 8 8 8 8 8 8 8 8 8
+ Sig7 + S1ss + S195 T S200 T S212 + S219 + S231 + Sa33 + Souz + 28545 + So50 + Sa52 + Sass;

10 _ .9 9 9 9 9 9 9 9 9 9 9 9 9 9
= Sy + S48 + 2Sg7 + Sg0 T 2585 + 2557 + Sg1 + S105 + S10s + S113 + 25134 + 28774 + S210 + 5295
9 9 9 9 9 9 9 9 9 9 9 9
+ 8939 + Sags + Sa74 + S277 + Sag0 + S302 T S348 + Sz78 + S389 + Saz0 + 25450 + Saeas
11 _ .10 10 10 10 10 10 10 10 10 10 10 10 10
= 833 T 28154 + S184 T S308 + S350 1 5530 + Sge6 T S718 T S733 + 25777 + Sga0 + Sgus T 25,
12 11, 11, 11 11 11 11 11 11
=81 + 83 + S777 + 8300 T S1099 T S1178 + S1263 TS,
18 _ 12, 12 12 12
= 81" + 51265 T 51899 T 54003+
14 _ 13 13
= 83164 T 58100°
15 _ 14

= S3072:

that upon expressing a product as a linear combination of algebraic integers, which algebraic

degree over Q is 2°, then the integer coefficients of such linear combination sum to 2M4-°.

Recursive expressions for discriminants and roots

We now go on to introduce the functions r,(-), 1 < b < 15, which respective domains are the integers

modulo

2%, We shall express a variable ¢ = oy...0; of each function rp(+) in a binary form where each

of its b digits 0, 1 < i <b, stands for a binary digit (0 or 1) in the binary representation of the variable
o, and and we shall compute the function ry;1(-) recursively as

(71)0'b+1+7b(0'b-~~0'1) Ab(O'b4. .. 0'1) + 7”1,(01,.2. . 0’1)’

Tb+1(0b+10'b . ..01) =

where 7 is a binary sign-function on its b bits and A, is the discriminant-function of its variable o,
regarded as an integer modulo 2°, as we have already indicated.

Assuming that rg = s

1<bh<

Y = —1, we might proceed with the recursive calculation the functions 74(-),

15, upon successively intermittently calculating the 15 discriminant-functions Ay, 0 < b < 14, as

Ag/4 = (ro/2)* + 16384 = 65537/4,

Ai(01)/4 = (r1(01)/2)% + 4096,



Ag(0901) /4 = (ro(o201)/2)* + 1024 — 1671 (01 + 1) + 3279(0201),
Ag(O’g(fQO’l)/4 = (7‘3(0’30’201)/2)2 + 256 + 197‘1(01 + ].) - 16T3(0’3020’1 + 2) - 327"3(0’3020’1 + 5)
— 28T3(03020'1),

Ay(0)/4 = (ra(0)/2)* + 64 + 2ry(0 + 1) + dry(o 4 2) + Tra(o + 4) + 4r4(o + 5) + 3r4(o + 6)

+4ry(oc +7) —4ry(o + 8) + 6ry(o + 11) — r4(0 + 12) — 6r4(c + 13) 4 3ry(o + 14)

— 6r4(0c + 15) — 167r4(0),

As(0)/4 = (r5(0)/2)? + 16 + drs(o + 1) — drs(o +2) + 3r5(0 + 3) — drs(o +4) — 2r5(0 +5)

—3r5(c+7) —3r5(c + 8) —6r5(c +9) + 4r5(c + 10) — 675(0 + 11) + 3r5(c + 12)
+3r5(c 4+ 13) + 5r5(0 + 14) — 6r5(0 + 15) — drs(o + 16) + r5(o + 17) — 9r5(0 + 18)
+4rs(o +19) + 4rs(o + 21) — r5(0 + 23) — 13r5(0 + 24) + 9r5(0 + 26) — r5(0 + 27)
+3r5(0 +28) — r5(0 +29) + 3r5(0 + 30) + 5r5(0 + 31) + 12r5(0),

Ag(0)/4 = (re(0)/2)? + 4+ re(oc + 1) + 2r6(0 +2) — 76(0 + 3) — re(0 +4) — r6(c + 5)
+2r6(c +6) —16(c +7) +2r¢(c +8) — 2r6(0 +9) — re(0 + 10) — 2rg(0 + 11)

+3rg(0 4+ 12) — 2rg(0 + 13) + rg(o + 14) — r(o + 15) — 2rg(o + 16) — drg(o + 17)

+7r6(c+18) — rg(o + 19) 4 2rg(c + 20) — r6(0 + 21) — re(c + 22) + 3rg(o + 23)

+rg(0 +24) — 6r6(o + 25) + re(0 + 26) + re(o + 27) — re(o + 29) + 3rg(o + 30)

+ 3r6(0 +32) — 2r¢(c + 33) +16(0 + 34) + 2rg(0 + 35) + 3rs(0 + 36) + 3rg(o + 37)

—3rs(o +38) + r6(0 +39) + 1r6(0 + 40) + 1r6(0 + 41) — 2r6(0 + 43) + r6(0 + 44)

+ 2rg(c +45) + rg(o + 46) — 3rg(o + 48) — 3rg(c + 49) — rg(o + 52) — 2rg(o + 53)

—4drg(o +54) 4 2r¢(0 + 55) + 2r¢(0 + 56) + r6(0 + 58) + r6(0 + 60) — r¢(0 + 61)

( )

(

—4rg(o +62) +r¢(0 + 63) + 4r6(0),

Aq(0)/4 = (r(0)/2)2 —r7(o0 + 1) —r7(0 +3) —r7(0 +4) —r7(0 +6) —r7(0 + 7) — r7(0 + 8)
—3r7(0 +10) — r7(c + 14) — r7(c + 15) — r7(0 + 16) — r7(0 + 20) — r7(0 + 22)
—1r7(0 +25) — r7(0 4 26) — 3r7(0 +29) — r7(0 + 30) — 2r7(0 + 33) — 2r7(0 + 34)
—1r7(0 +35) = 2r7(c + 36) — r7(0 + 37) — 2r7(0 + 38) — 2r7(0 + 40) — 2r7(0 + 41)
—2r7(0+42) —r7(c +45) —r7(0 +47) —r7(0c + 48) — r7(0 + 51) — r7(0 + 56)
—5r7(0 4+ 57) —r7(0 + 58) — 2r7(0 + 59) — r7(0 + 60) — r7(0 + 61) — 2r7(c + 63)
—dr7(o +65) — 2r7(0 + 67) — 217(0 + 70) — 2r7(0 + 73) — 2r7(0 + T4) — 2r7(c + 76)
—1r7(0 4+ 80) —r7(0 + 82) — 2r7(0 + 83) — r7(0 + 86) — 2r7(0 + 87) — 2r7(c + 88)
—r7(c +89) —r7(c +90) — 2r7(c + 94) — r7(0 + 95) — 2r7(c + 97) — r7(0 + 98)
—1r7(0 4+ 99) — 3r7(c + 100) — 2r7(0 + 101) — 2r7(0 + 103) — 2r7(o + 104) — 3r7(o + 105)
—4r7(0 +106) — 2r7(0 + 108) — 2r7(c + 109) — r7(0 + 110) — r7(0 + 111) — 417 (0 + 114)
—r7(o+115) — r7(0 + 116) — 2r7(0 + 117) — r7(0 + 118) — r7(0 + 119) — 2r7(0 + 121)
—r7(0+123) — r7(0 + 124) — r7(0 + 125) — 2r7(0 + 127) — 2r7(0),

Ag(0)/4 = (rg(0)/2)* — 2rg(0 +3) —rg(o +4) —rg(c +7) — rg(0 + 14) — rg(0 + 19)

—2rg(0 +28) —rg(c +29) — rg(c + 30) —rg(0 + 33) —rg(0 + 37) — rg(o + 39)

—rg(oc+41) —rg(oc +43) — rg(o + 44) — rg(o + 50) — rg(o + 51) — rs(o + 53)

—rg(0 4+ 56) —rs(c +59) — rg(c + 61) — rg(o + 65) — rg(0 + 68) — rs(c + 70)
—1rg(0c+78) —rs(c+79) — rg(c + 81) — 3rg(c + 82) — rg(o + 84) — rs(c + 88)

—rg(0c+89) —rg(c + 106) — rg(o + 109) — rg(o + 112) — rg(o + 117) — rg(o + 124)

—rg(0+128) — rg(o + 135) — rg(o + 142) — rg(o + 146) — 2rg(o + 156) — rg(o + 173)

—rg(o+175) — 2rg(o + 185) — rg(o + 186) — rg(o + 187) — rg(o + 188) — rg(o + 195)

—rg(o +200) — rg(o + 212) — rg(o +219) — rg(o + 231) — rg(o + 233) — rg(o + 243)

— 2rg(o + 245) — rs(0 + 250) — rs(0 + 252) — rg(o + 253),



Ao(0)/4 = (ro(0)/2)? — 1o+ 40) — ro(or + 48) — 2rg(0 + 67)  ro(0 + 80) — 2ro(or + 85)
—2r9(0 4+ 87) —r9(0 +91) — rg(c + 105) — rg(o + 108) — r9(c + 113) — 2rg(c + 134)
—2rg(0 +174) — rg(o + 210) — rg(o + 225) — rg(o + 232) — r9(0 + 268) — ro(o + 274)
—rg(0+277) —rg(o + 280) — rg(0 + 302) — rg(0 + 348) — r9(o + 378) — r9(c + 389)
—rg(0 +430) — 2rg(o + 450) — rg(o + 464),

Alo(O')/4 = (7’10(0')/2)2 — ’I"lo(U + 23) — 27”10(0’ + 154) — 7”10(0’ + 184) - 7'10(0' + 308)
- 7“10(0' + 359) — 7“10(0' + 530) — 7’10(0' + 666) — ’/‘10(0’ + 718) — ’/‘10(0’ + 733)
- 2T10(U + 777) - 7“10(0‘ + 840) — 710 (O‘ + 945) — 2ryg (0‘),

A11(0’>/4 = (7“11(0‘)/2)2 — ’1”11(0' + 1) — T11(0+2) — T11(0'+ 777) — T11(O'+ 800)
— 7"11(0 + 1099) — 7’11(0 + 1178) — 7‘11(0' + 1263) — 7”11(0’),

A12(0')/4 = (7’12(0’)/2)2 — T12(O' -+ ].) — 7‘12(0’ + 1265) - 7"12(0’ + 1899) - 7”12(0’ + 4003)7
A13(0)/4 = (r13(0)/2)? — r13(o + 3164) — r13(0 + 8100),
A14(0)/4 = (r14(0)/2)2 — ria(o + 3072).

We have thereby expressed each discriminant-function Ay(:) via algebraic integers “residing” in an
extension field of Q which algebraic degree is 2°.

Explicit successive calculations of roots of quadratic polynomials

We might now explicitly calculate

+

A 7 —1)914/65537 — 1
non) = (-1 G2+ 0 = EU

4 2 ’
Ao r(en)  (~1)7F1/131074 — 2(~ 1)1 /65537 + (~1)7+ /65537 1
ro(o201) = (—1)7F + = )
4 2 4
A
ry(o3o00q) = (—1)73 o2ttt 2(2201) TQ(U;UI) -

(—1)"3+"2+"1+1\/(\/65537 + (=1)71255) (/65537 — (—1)72Fo \/(65537 — (=1)71v/65537)/2)
4
(—1)02“\/131074 —2(=1)71v/65537 + (—1)7*\/65537 — 1
8 )

+

but in order to proceed we are yet to address the most computationally intense task in constructing the
regular 65537-gon which is the task of determining the binary sign-functions 7,. So far we have 79 = 0,
71(01) = 1, 72(0201) = 03+ 01 + 1 and the next would be 75(030201) = 01 - (62 + 03 + 02 - 03). So rather
than compute the functions 73, we shall explicitly express their binary values as binary functions on their
respective domains of integers, modulo 2°, ascendingly ordered from 0 to 2° — 1. Since 0 in the exponent
(of —1) would correspond to a positive sign of the square root so we shall denote it accordingly as +.
The value 1 (in the exponent of -1) would be respectively denoted with the negative sign —. So we shall
represent the sign-functions 73, for 1 < b < 14 with (ascendingly ordered) sign sequences.

0 positive signs and 2 negative signs in the 2-term sign-sequence for 7y :

)

2 positive signs and 2 negative signs in the 4-term sign-sequence for 75 :
-4+,

5 positive signs and 3 negative signs in the 8-term sign-sequence for 73 :
+++—+ -+

10 positive signs and 6 negative signs in the 16-term sign-sequence for 74 :

ottt -+t -+,



15 positive signs and 17 negative signs in the 32-term sign-sequence for 75 :

++-t+-— -ttt ———- ot -+ -+

38 positive signs and 26 negative signs in the 64-term sign-sequence for 74 :

e+ttt -F—F-F-— -ttt —F—FF+F -ttt F -ttt —F - —FF—F—FF - —— - +++-—t+—
71 positive signs and 57 negative signs in the 128-term sign-sequence for 77 :

I s e b HE o E A o R e T R e e e e e T
e s st et e e e e s R
125 positive signs and 131 negative signs in the 256-term sign-sequence for 7g :

-+t —- o T  aat e ks R R S
T e ate A e e e aE I
e e e b S s s e e e e
b e e e o e +++;

262 positive signs and 250 negative signs in the 512-term sign-sequence for 7o :

e o et et S e e e et i
b e e e e T
i S e e e
e e e e it st e A +-+
B s e o S e e e e o
o T T e e R S
e e e e e e e e ek T R P R A
e e e B e e s s e i S e e o

487 positive signs and 537 negative signs in the 1024-term sign-sequence for 7 :

s s aia e o i T S S e a et e e s
s e e e e el S e s dts et S
s e T it S S i b s o e SR S
B T T s Ik T T e i T e o -ttt
e e e e e e ol 2 e e e e e
- e e o e Hab s Tl e e e i
e et sl S s A e o o o o
e s et S T S e e o SR T e ik s i R S
e s s e S e o s st e S e A
e e T e S A s o S S T S

e e e e e e B i s e e e e

1016 positive signs and 1032 negative signs in the 2048-term sign-sequence for 71 :

e e s o e SE e ol e e s i
e e e e sk e T e b A S
e e e dh L e e e ik sl E S e S e TS
e it s B o e S it 2 s sl ke s o R S A
e e ol e e e S e e e s s ++-—+-
e T e e e e il -t
e T et i B oE S T
e e o sk e ok s S R S A



+++------ e e B o e e sl S R e T
e e e T s st S +---—- e e i e o +-
e T e 2 e ottt -+t
B B i e e e s o e o
B e e A e it e e
e e st s o o L s o S st a2 e e St S
i e T o e T o o e s L
—————— B e e T T a e S e e e
e s e i e i e A e e e o e ek s ok R AR RS
e e et R i s e S o it e e e
e T il thiat e e e e el st e T o
e e e s ek s
e e o e s e e et S e
i e e i e i e A
R e e T e e e e
e o et a e T e o o e
e e o o et e e e o s e e e sk AR
e+ttt -Ftt -ttt tFt -t ——+——F————FFF++——F+F—t+t———FF—++—+++
e e e e e daaal S ST R SR A R
e i s e i it S A e e e A o e
e e e it e o e e o A e ab S
e T s e e e s e o e
e e e T e e et s S TE T R SR A

2045 positive signs and 2051 negative signs in the 4096-term sign-sequence for 715 :
e T T e s T S i T s o e e S e

A e e it e b T S e S

i di o i s s i o T R e s e T
e B e ey e L e s e T R
e s are Al e S s R e +++-+++-+

e i e o o i e e o T S S e e s ok S

++++tt -t ——— - e e o T e e e
e i s s R e e ST R
e it e e e e i S o e e
e e e e e B o S e FH++-—++—+++
B ek dadil e R e e e it i TR S
e e s skt e e e e

e T e et aete e e e it s LR SRR



e e T e it IR LR e i b s e R e s
e et T L e e e R e e b e et ++

e e o e o e e T s s s s S SRR AP

e e T R  abl s e T e e e e
R s s e T o e e e b St ok R I R A
e e e e e s s e i +++-t++-+-
i e e L e e e+t t-
e R s dhe s e e T e o o o e o
—————— e it s T e e e
e e s a2 ae o e ae e o o o e
i e it T e A e ks e
e e e it s i s e

+--——-- i e e et b e et sk S R AR

+--————- t++-+----- t+-t+-——tF-—Ftt-—F--——- t+-——F+-t-t+-tF++-—F+-—++
e e e o s e o e o
R T +-Ft+-Ftt+—tF-+-+-——— - ++4+t+-F -t —+++++
e e e e e i e it s S e ke o
=t -ttt -ttt -ttt -tF+-——F++-F -ttt ——FFFF-FF -t F-—F-—F-——+-—+
i et e e e e T e b
++----- R b i e e e o o e e S AP
++-++-+----- R e e e o e e ok o E e o
+-dt—F+—tF+t+ -ttt -ttt F A+t ——F - —F—F—Ft+—F———F—F+———— - ++-——-
4089 positive signs and 4103 negative signs in the 8192-term sign-sequence for 73 :

st e e e b T e e e
e e b o b e e e e i
s s e e e o e e b e

e T e et i o b e el sk SR



e e i e s e o e e A e A

e T et s +++-t++--—---- e e ah

e e et s o o e e st S e

ettt - e e e i e B e e e

e e -t - e e S e e e e s

B T s sl B e o ks s o T e e

e e e s e S e s o L

i et e A e o S e e e e e +--

e e e B s s e b e A i e o

e e e ok o e SR e o o e b e o o L o e

e e e T e b T e st stk e e e S

e e B e e e e e o e e e o

e e s o i e o e e e S o e e it +---

e e s e s o SR e e i S +o+t-— -

s T s s o S e

R it s R TR SRR e s st et e o T e R e AR

e T s skt et e e st S o e

e e e SR i s e T e e e  Haa s 2

e e T e o e e bt T L e e ah  iE

e e e R T R e o s

e e i aee B e e e A

s e e i e et e e +o-—F-

e ks St e e et e

e i e i e e i e e ke e

e+ttt —— - e e e i e s et S o o S

e e e il T e e e tt-— -ttt -

————— e e e o e e o

B e e s s e S s et S S e

e e et S S ol et B o i et o o e e

e e o e e o S e s T T o

e e T T o L e T e b T T e A e

e e e e et s T e e il R A

e o e o s e T e e o e A e e i

e i e e e ottt -ttt -ttt -+ttt

e i e b e e e

e e o T e e e T



b e e FAtt -ttt
-ttt -ttt —— - -t - e e e e o S
e i bt i e e o e e S A
e e e e s st s
e -t ot ottt -ttt

e e o e e e ch R e et e R

i s o e e et o o e e +---=--
T e a e s L e o A s R
R T i i s et o T e

R it et o e o e e B e R

s s e ek SEE B e e i e e e o o S o
R e e e
B s de e s et s e S S e et s

e T i s e e s et S e it st e SR A
————— e e s s e e e S e i
e e T e e e L o
—————— et T e b e s R S
B e e e e T o s Fot—d ot -ttt -+t -+t
e T e it e e T L T e o e st S S
++--——- e T s e i e e i i s s B ST R T e
e e et e e e e e e st o
e T i st et e itk sE LR
e e e e ot B e e it SEEEE +-++4-
R e s o e e e T e e s sk o b S A e e o
-t ----- e e s el o e o il s o R e e
e e e s it SR e A e e e e o T s
i el e e s sk ke o s S TR AR R
e e e e e
e e T e T e e e e it ++
e e Sl ol e e ok o e e e e sE SR E
i e o S e e e -ttt -ttt F -t -+
e T -+ttt -ttt -+t ——-
e et o e S e e o e sl S o e et e
B i s S e e s T e e o i e e o A
e e s S o et s it sy b S R
e i s il s o e e s E e SRR A
T s o st 2 e e o e L i o

B e ++----- e e o S e e e S i s s o

————— e it E e s st sh o e e
e e e e e e S S o e e T
et it e T o s o
e i i e i e e e o o

e T e s s i 2 e



i e e d e T s e T o e e R

B et i b T T L e e R e il T S +++
e A e e o e R e e o e +-—+---
e T et e e A e i sk TR R
e T e e e e e i e S i e e
e T st e e sk S R b
e i s s e i S e e e itk e R P
e e e it o o e e o e e

e e s i S e e e S e s S e Meals sk s SRR

e i e T A it e il it R e Fottt -t -+

e T e s e A e s e S e e

R e T e  E th
+----- B e e e e e S S
B S e il e e et -ttt -+t

e e o e e s s s S L e el b S o

e I T e e e e e e o o b SR e A
i e e e e st o e e et e e o
R T e d e e e e e s 3
-ttt - -+t —F-Ft+ -ttt -ttt -t —FF-—FF-—F-——F-———— - +-+++-,
8063 positive signs and 8321 negative signs in the 16384-term sign-sequence for 74 :

s e ot — - +-Fttt -t -+ttt
e e R e e s e e e ket
+-t-—t------ R +-—tt---—- tt+-——— -ttt -t —FtFtt -ttt E -
s e T e e e o R e e e e e e e s 3
e e Mt e o e e e T T o

B e e e i s sl L o s S S
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e e +o+Ht--———- e s et s R e o
e it o s e S B e i i e s S +H+++-+++
i T T e T e S e s o T e e
i e T T et dh e T  date s

e e e o o e e et S

e s T e e e o - e o e e S
- e e o o e -ttt ———— T +++-—+-+
+--—--- e s s e o ++----- ++++t+ttt -+ttt -+ -+

e i o it e e e e e e o S s e

e e e S e e s el SR S L

|

|

|
+

|
+

|
+

|

|
+
+

|

|

|

|

|

|
+

|

|

|
+
+
+
+
+
+

|
+
+
+
+
+
+

|
+
+
+

e e e e T - e i ottt -+
R it B s T A e e i s e e e T T
e e e e e S et o e

e s e e s st b e

+++ -ttt -ttt —— - et e e +++- -+ttt -+ -
——————— it e S e s o o e o o
i e T i T e T e o o o +++
B a2k s e e e e e o o T R
e e B e e e o e o i s A T e e
e e e o S s s st S R o e e S i it e
e T T et e e T o R St e
e e i e A e +++---——- e e
—————— e e e o L i b 2 L e

—————— e e b e i e e e
e i i ke e e T e e s
e+t - e e e it e e o S e
e e T e e i e ai o
e e e e s s sl o s R e e e s
B e A it e s et s e A +++ -+ -++-++

tHt+---—- e e e e i st St e e T
e e e e e et S e e il 2 R +
e e it e Fo—— -+t - -
e s e i o o e ks aa e i e i
—————— B e i e T A e e e e e e
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e e et il i T o e s s s e s e e et e
++++tt -ttt —— - e i it b S +-+-—t++-+
e A S o s T e ats st SR S o R
b T e T e e T e i e s s s b ST o
e T il E e e e e
e e T s t e e e e s s st e e

B e e A S e e

e e o L e e e e e e +-+
e T it sl e e e e il da T R
e e e o T e de SR R T
e e o et a o s e e e e o L o i shaabt s SR
e i e T o e+ttt - -ttt -+t -+
e e e e o sl e it s e b SR SR e R A
B e e e e e A o+ttt -+t o e i s

i e T e e e ks e ae e A o S

i S T T T T T e s s o SR S R AR A
e T et 2 et b e i o s st e s e E e e S
s el e i e A s o o S o st o ok SRS SR SR e
e e e ai E a  T  s s Aok S cE A
-ttt - - e e s e e e
e T ok st ok SR R e s b s o o o s T

B a2 e e Fott- -ttt -ttt -t —++

B kT A e e e e o e
e e e ok s e e i i i e e T o e
e e e i e R i R S
R I e i e ot e
b o e e e A Attt Fht -+ -+

ek e o s s s e e ++-----
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——————— o e e o e R o
i e e s i e B e e s
e e e e S o B e e e a e ++++
B e R e i e -+ttt
e e i e +---—-- e i it i S
e T e et s e S e a +o -t -+t
e e e e A e e o st SR e o o
e T i e B e e S A T i
B ok T R el S T e e e e UL R SRR SRR A
e e s e e e e s et T
e e i i o S e e b S
s B e sk e e R e s T R A
e e b o o e e e e e T o sl R T R AR
s s e o e it sk e e s stk s s R SR S o
R T T T
e s b H S e e e sk S
R b e et e s et ok S R
e e o e e e e e S e T et e A o o S
——————— Ftt-—— -ttt -t -ttt -+t —F+——F+—— -ttt -t -+ -
e e o s e T e e T
e e e e e e o e o S

e e A e i st s e e e s S S S S

et e e s a L +--——- B T e e e il b
e e T o b e sk st +- -+
R e e s e st R T e e e T
B e e i e o e ks ek e o ki
i e e e e
e e +H++-t++-+++--—+

e T s s o T e e e T e i SRR A e

B i B e B e e e
e s s e 2 o e e e T l s s R L
e e e e s e L i e e e L e ah S
B e e B e T  a aa T A o e £
————— e T o e st e R o e e s TR AP S

e o e e e B e i A A el
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B s s L e e i e T e s sk st AR R S e S
B T e e R e S it -+ -+

B e T e T T i A
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+
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|

|

|
+
+
+
+
+

|

|
+
+
+
+
+

|

|

|
+
+
+

|

|

|

|
+
+

|

|
+

|

|

|
+
+

|

|

|

|

|
+
+

|
+
+

|
+
+
+
+

|

|

|

|
+

|

e T e e i e e e + -
i e e e e e D e e o e E

B s dt S S i s o st s S o e s s oR

R T e e e ik e et e e R e o
e e e e et cE R B R

e ke e s s o e +o- -+t

-t e e i T - Ft—t -t -+ -+
e T e et e e e T e A o e e +
e o o e i e i s b b e +

s i e o o A e B e
- e ettt - e i e e e A Fot—+++ -+
D s R e s it s S aadeats o s sk S B

e e T s it sk b o o e A T A o e T i +—t -+t
e T e s s o e e ik Bt s R

e e e T i e
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-ttt - e i o s o sk e b oE SR +4+++--——- e R
e e e o A e R R R e e e it 1 s

i e e o et a S o i e e e o i o

e S T e e e e R e S T S R
e i e e s e e e e
e T o e e e A otk e T e
e i e e o e e o o L e et L o
e e e o e e T o S
e e e e E e e e e e -ttt t+++-
e e o e st e e s s st e s she et SRS

e e e S e e T e e e aah s e a SR AT

i S e o T e
i e D +++----—- e s e e o s kel SR SR AR R

e et s S e e o S et S e o e e
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i T e et b e+t -+t -+
oo - s e e S e etk S T e e +-
e e il s s e i s ke o s e +--——- +--——- +
i e e+ttt ottt - R e i o o

Hermes, of course, did not need to calculate all the signs which have been automatically computed.
And he certainly did not need to calculate the latter 16384-sign-sequence for 4.

The algebraic integer s'® = 2 cos(27/65537) is a root of
the quadratic polynomial

2 14 14
7 — 8T+ S3979,

which, according to our notation, is

7”14(0)

515 = 7'15(0) = \/(7’14(0)/2)2 — 7"14(3072) +
expressible via nested radicals due to the recurrence

(_1)ab+1+rb(o) /Ab(cr) +1(0)
5 .

Tb+1(0b+10b ce 01) =

Hermes, on the other hand, followed his own route.
The table on the RHS of this page, which appeared in
his cited paper [1], had 12 of its (initial) values match
the values for s™, where 0 < m < 11. However, af-
ter s'! ~ 25.21077 (which is ni!, according to his nota-
tion) he proceeded not with s'? but with s3%,s ~ 11.3732
then with s33,c ~ 3.9614, sidyyy ~ —0.00015, 515040 =
2 c0s(65538 7/65537) = —2 cos(m/65537) ~ —1.9999999977,
finally arriving at e$59387V=1/63537 _ _omvV/=1/65537
—0.9999999989—0.00004793621/—1 (which is 32759 accord-
ing to his notation).

Acknowledgment

]

7= —1

n = 127,5000765...

7 = —26,58292 ...

m o= —62,34971 ...

n = —23,68614...

mo= 24,62068...

mo= 15,12077...

mo= 83,90859...

mo= 4022580...

mo= 82,009...

mo= 43,6829...

%= 252107...

no= 11,372...

no=  3,9614...

mo= —000015...

n = —1,9999999978 ...

n, = —0,9999999989 . .. —.0,0000479362...
= s,

Calculations by J.G. Hermes, as presented in [1]

The reconstruction of the 65537-gon within a few days in early Spring 2026, rather than decades (in
the late 19'" century), became possible mainly due to the work of three wonderful assistants:

e MathPartner — a free, cloud-based, computer algebra system [3] — carried out significant symbolic

computations.

e Runestone — a free streamlined text editor — efficiently performed searching, counting and replacing.

e DeepSeek — a free state-of-the-art large language model — generated code.

The author of this paper is grateful to all contributors to the aforementioned creations.
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