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Figure 1: Examples of relative equilibria of a tether system: (a) radial, (b)-(e) wavy.

(Krupa et al. Relative equilibria of a tethered satellite systems and their stability for very stiff tethers //

Dynamical systems, Volume 16, Issue 3, January 2001. P. 253-278.)



Orthogonal Orbital Coordinate System Oxyz
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The linearized potential
u, due to combined
gravitational and centrifugal
forces, in a point (x,y,z)
is independent of x and is
given by [3]

w? 2 2
u(x,y,z)zT(y —3z9),

where w is the, presumably
constant, angular speed of
the orbital motion.




Equilibria as conditional extremals

of tether potential

t1
U:U(fy):/ (> —32) ViE 121 2 dt

to

subject to constraint equation

t1
L=1L(y) :/ VX2 +y2+z22dt =1,
to

where
’Y t = (X’ y7 Z)’

satisfies boundary conditions

v(to) = (x0, Y0, 20), Y(t1) = (x1,y1,21)-



Curvature and Torsion

We might impose upon general position solutions a natural
parametrization:
2 2 22
x“+y"+z-=1

The curvature 71 and torsion 7, are then given by:
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Planar configurations

The torsion identically vanishes iff
(P +72)(E+2)x=0
iff
(V2 +y)(2+2)x=0,
corresponding to configuations in three mutually orthogonal planes:
z = 0 — orbital plane,
y = 0 — the plane, orthogonal to radius vector,

x = const — the plane, orthogonal to the direction of orbital motion.



Equilibria in a constant force field

General position solutions are (up to reflection across the Ox-axis,
translation and dilation) given by

X
z = ¢y cosh <> , ¢ >0.
1
The the coefficient ¢ is a constant multiple of:
» the dilation coefficient
> the (imaginary) period

» the horizontal tension component



Equilibria in a linear parallel force field

Solutions are (up to reflection across and translation along the
Ox-axis and dilation) given by doubly periodic functions:

e (i () s mr (X
Z"¢2 (ro () +77* (3)) £ Ao

M\ — 2
, A> o >0,

Z

divided into classes and subclasses by periodic function:

/2
zZ= 2czsec< x), o >0,
@

vertical (parallel to Oz) and horizontal-axial (along Ox) solutions.



Essential elliptic function

Here Rg — is a second order elliptic function with a double pole at
zero, whose values at the points where its derivative vanishes are 0,
B=cA+y/c;2X2—1and Bt =c; A —/c;2A2 — 1. The
function Rj is a fundamental elliptic functions, which is determined
by a single parameter 3, and differs by an additive constant from a

Weierstrass elliptic function. The period parallelogram for Rs is a
rectangle for A2 > ¢2 > 0, and is a rhombus for A2 < ¢3 > 0.



Three families of solutions
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Equilibria in a plane, orthogonal to orbital motion




Pojaritsky stability investigation of Appell’'s solutions




Bbiuncnerne nonynepnonos

BbluncneHne nosHOro afnAMNTUHECKOro NHTerpana metogom laycca
PacrnpoCTPaHSETCA U HA C/lydaun, KOrga KBapTUYeECKNi MHOrO4JieH B
MOAbIHTErPaSIbHOM BbIPAXXEHUU 3aMEHSIETCS HA KyOm4Yeckuit:

/1 dx /B
0

X3 +f3ax2 +x 2M(B)’

/0 dx B VBT
V3 -3ax2—x  M(/1-32)
N TEM CaMbIM, BLIYUCASIOTCA MONYNEPUOALI Ui W U_
anMMNTUYecKol yHkLmm R g:

VBT ivg T
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Bbluncnenne 3navennii aseta-pyHkuun Beliepwtpacca B
TOYKax, COOTBETCTBYIOLMUX MNOJYNepUoaam

Tenepb BBEAEM NOCNEAOBATENBHOCTL TPOEK {Xm, Ym, Zm} oo g

Xm + Y
Xm+1 = %a Ym+1 = Zm + \/ - Zm Ym — Zm),

Zm+1 = Zm — \/(Xm — Zm)(Ym — Zm)-

MogunenympoBaHHbIM apuhMETUKO-reOMETPUHECKUM CPESHUM
ABYX MONOXUTENbHBIX YNCEN X N y HAa30BEM obWMiA npenen
nocsiefoBaTeNbHOCTeR {Xm oo o n {ym}oo_o MPU X0 =X, Yo =y 1
zp = 0 n obozHaunm ero N(x, y). Beanuunnbr ¢ (us) /us moryt
BbITb TakXe BbICOKOI((DEKTUBHHO BbIYUCAEHBI. A NMEHHO,

C(ur) fus = N(L/8, B) —a,

Q) fu. =1/5— o N(1/B, 1/6 - ).



a-family of surfaces (o > 2/3)

/
YOO RCE N
where
I(s, t) = a(t2— s) + V:Jr(g*(qut + u,) — C*(u+s + u,)>,
z(t) = 31: 2 sn (\/3a+2 uyt, gzj_L;) =

1 d -1
= — * _ = — % .
W+\/p (upt+u_) + 2« " (x/p (u+t)+2a>
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S(0, 3/2) x (3/2, 5/2), a =1//2
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The conjugacy curve




Properties of the conjugacy function

The conjugacy function g = g, is periodic with period 1 and
satisfies:

g(0) = g§(1/2)=1, g(ma) =3 —2my,
g(—¢ 5) s) = &(s)
> g’( g(s) —s)(g'(s) +1) +&'(s) =0.
In particular, g’ (1/2) =0= g’ (m,) .



A graph of the conjugacy function
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