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Orthogonal Orbital Coordinate System Oxyz

The linearized potential
u, due to combined
gravitational and centrifugal
forces, in a point (x , y , z)
is independent of x and is
given by [3]

u(x , y , z) =
w2

2
(y2 − 3z2),

where w is the, presumably
constant, angular speed of
the orbital motion.

O

y

x

z

Earth



Equilibria as conditional extremals

of tether potential

U = U(γ) =

∫ t1

t0

(
y2 − 3z2

) √
ẋ2 + ẏ2 + ż2 dt

subject to constraint equation

L = L(γ) =

∫ t1

t0

√
ẋ2 + ẏ2 + ż2 dt = l ,

where
γ : t 7→ (x , y , z),

satisfies boundary conditions

γ(t0) = (x0, y0, z0), γ(t1) = (x1, y1, z1).



Curvature and Torsion
We might impose upon general position solutions a natural
parametrization:

ẋ2 + ẏ2 + ż2 = 1.

The curvature τ1 and torsion τ2 are then given by:

τ1 := |γ̈| =
√

ν

|µ| ,

τ2 :=
γ̇ ·

(
γ̈ × ...

γ
)

τ21
=

3 (ẏ z − y ż) ẋ
ν

,

where

µ =
y2 − 3z2 − λ

2
,

ν = y2 + 9z2 − (y ẏ − 3zż)2 = (y ż + 3ẏ z)2 + (y2 + 9z2) ẋ2.



Planar configurations

The torsion identically vanishes iff

(y2 + ẏ2)(z2 + ż2) ẋ = 0

iff
(y2 + ẏ2)(z2 + ż2) ẋ ≡ 0,

corresponding to configuations in three mutually orthogonal planes:

z ≡ 0 – orbital plane,

y ≡ 0 – the plane, orthogonal to radius vector,

x ≡ const – the plane, orthogonal to the direction of orbital motion.



Equilibria in a constant force field

General position solutions are (up to reflection across the Ox-axis,
translation and dilation) given by

z = c1 cosh
(

x
c1

)
, c1 > 0.

The the coefficient c1 is a constant multiple of:

I the dilation coefficient
I the (imaginary) period
I the horizontal tension component



Equilibria in a linear parallel force field

Solutions are (up to reflection across and translation along the
Ox-axis and dilation) given by doubly periodic functions:

z =





z∗ =

√
c2
2

(
Rβ

(
x√
2c2

)
+R−1β

(
x√
2c2

))
+ λ, ±λ 6= c2 > 0,

√
λ2 − c22
z∗

, λ > c2 > 0,

divided into classes and subclasses by periodic function:

z =
√
2c2 sec

(√
2
c2

x
)

, c2 > 0,

vertical (parallel to Oz) and horizontal-axial (along Ox) solutions.



Essential elliptic function

Here Rβ – is a second order elliptic function with a double pole at
zero, whose values at the points where its derivative vanishes are 0,

β = c−12 λ +
√

c−22 λ2 − 1 and β−1 = c−12 λ−
√

c−22 λ2 − 1. The
function Rβ is a fundamental elliptic functions, which is determined
by a single parameter β, and differs by an additive constant from a
Weierstrass elliptic function. The period parallelogram for Rβ is a
rectangle for λ2 > c22 > 0, and is a rhombus for λ2 < c22 > 0.



Three families of solutions
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Equilibria in a plane, orthogonal to orbital motion
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Pojaritsky stability investigation of Appell’s solutions
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Вычисление полупериодов

Вычисление полного эллиптического интеграла методом Гаусса
распространяется и на случаи, когда квартический многочлен в
подынтегральном выражении заменяется на кубический:

∫ 1

0

dx√
x3 + 3αx2 + x

=

√
β π

2M(β)
,

∫ 0

−β

dx√−x3 − 3αx2 − x
=

√
β π

M(
√

1− β2 )
.

и тем самым, вычисляются полупериоды u+ и u−
эллиптической функции Rβ :

u+ =

√
β π

2M(β)
, u− =

i
√

β π

2M(
√

1− β2 )
.



Вычисление значений дзета-функции Вейерштрасса в
точках, соответствующих полупериодам

Teперь введём последовательность троек {xm, ym, zm}∞m=0:

xm+1 =
xm + ym

2
, ym+1 = zm +

√
(xm − zm)(ym − zm),

zm+1 = zm −
√

(xm − zm)(ym − zm).

Модифицированным арифметико-геометрическим средним
двух положительных чисел x и y назовём общий предел
последовательностей {xm}∞m=0 и {ym}∞m=0 при x0 = x , y0 = y и
z0 = 0 и обозначим его N(x , y). Величины ζ (u±) /u± могут
быть также высокоэффективнно вычислены. А именно,
ζ (u+) /u+ = N(1/β, β)− α,
ζ (u−) /u− = 1/β − α− N(1/β, 1/β − β).



α-family of surfaces (α > 2/3)

S : (s, t) 7→
( |z(t)|
t − s

,
|z(s)|
t − s

,
l(s, t)
t − s

)
, (s, t) ∈ R2,

where

l(s, t) =
α(t − s)

2
+

1
w+

(
ζ∗

(
u+t + u−

)− ζ∗
(
u+s + u−

))
,

z(t) =

√
3α− 2
w+

sn

(
√
3α + 2 u+t,

√
3α− 2
3α + 2

)
=

=
1
w+

√
℘∗ (u+t + u−) + 2α =

d
w+

(√
℘∗ (u+t) + 2α

)−1
.



S (0, 1)× (1, 2), α = 1/
√
2



S (0, 3/2)× (3/2, 5/2), α = 1/
√
2



S (0, 1)× (2, 3), α = 1/
√
2



The conjugacy curve
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Properties of the conjugacy function

The conjugacy function g = gα is periodic with period 1 and
satisfies:

I g (0) = rα, g (1/2) = 1, g (mα) = 3− 2mα,

I g(−g(s)− s) = g(s)
I g ′(−g(s)− s)

(
g ′(s) + 1

)
+ g ′(s) = 0.

In particular, g ′ (1/2) = 0 = g ′ (mα) .



A graph of the conjugacy function
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