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1. �;���-q�%5l<l (�|lL�2l) 1Wl�(`7 [16] WCq#o/�p)�`�2l1W�)�`l1Wb.�2�)�2l1Wb.�`�.=t�dl��?+FN�t�!/([1� (kT.℄/1�) }��� Gauss

(%x) >R ���)X�_�o_��a (�Ul) 9z"1�X�
2. /- -- ��(!�0�=�:E"A{Z� {xn, yn}∞n=0:

xn+1: =
xn + yn

2
, yn+1: =

√
xnyn.z�U(Sr xL y l YX –OMVS (?t�
�s/ AGM) ℄ (G�) {Z {xn}∞n=1L (FO) {Z {yn}∞n=1 l (3�) hO��f x0 = x, y0 = y.1)?twFolU({Zl
S℄ÆUl [7, p.588]. l2�1�R>�q"IN�t

(�i-�). /T�a
rn: =

xn − yn

xn + yn

, n ∈ N,o�g
rn+1 =

(√
xn −√

yn√
xn +

√
yn

)2

=

(√
1 + rn −

√
1 − rn√

1 + rn +
√

1 − rn

)2

=

(

1 −
√

1 − r2
n

rn

)2

≈ r2
n

4
,�fl�|oJ ≈ >NJ1�H�/�� ('- rn %-℄) Ro��t�"A�(C3~{Z {xn, yn, zn}∞n=0:

xn+1: =
xn + yn

2
, yn+1: = zn +

√

(xn − zn)(yn − zn), zn+1: = zn−
√

(xn − zn)(yn − zn).z�U(Sr x L y l Z^LYX – OMVS (?t�
�s/ MAGM) ℄ (G�) {Z {xn}∞n=1 L (FO) {Z {yn}∞n=1 l (3�) hO��f x0 = x, y0 = y L z0 = 0.�x� Notices of the AMS, Vol.59 (2012), No.8, p.1094–1099, An Eloquent Formula for the
Perimeter of an Ellipse, Semjon Adlaj, figure number 3. Copyright c©2012 the American
Mathematical Society. Reprinted with permission. All rights reserved. sBs�b1�Mg/�;J�z2�
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1) �u/u
z{ x0 ≥ y0.—— 4p
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a
ξn: = xn − zn, ηn: = yn − zn, ρn: =

ξn + ηn

xn + yn

, n ∈ N.

AGM lqUx℄t���Ux���UK���UB�L�U*��MAGM lfUx℄L AGM lfUx℄R��MAGM U|lqUx℄ (� AGM lx℄) t�� 3 Ux��b MAGM qUx℄l
S~� (� AGM R$x℄l
S~�) �:���[��q0
ρn R��N�t'

rn+1 =
ξn+1 − ηn+1

xn+1 + yn+1
=

ξn+1

xn+1 + yn+1

(
√

ξn −√
ηn√

ξn +
√

ηn

)2

≈ r2
n

4ρn>�.I�x℄g�U ("℄��q) qU ρn }x��)�(Nv�Gauss > [12] fE (�Fq) /dE�Æ> [7, p.587] f� (66q) �g�
GYX�-H[ x = 1 L y = 0.8 l AGM 
S�?tZI��U�Rl 4 Ux℄
(--�a℄r[Ul) �|[�

x1 = 0.9,

r1 ≈ 0.003105620015141858539495851348,

y1 ≈ 0.8944271909999158785636694674,

4r1/r2
0 ≈ 1.00622088490596216679665583678,

x2 ≈ 0.8972135954999579392818347337,

r2 ≈ 0.000002411230547635880335956669,

y2 ≈ 0.8972092687327323251471393964,

4r2/r2
1 ≈ 1.000004822466909304514524340728,

x3 ≈ 0.8972114321163451322144870651,

r3 ≈ 0.000000000001453508188467332219,

y3 ≈ 0.8972114321137369238877556369,

4r3/r2
2 ≈ 1.00000000000290701637693677712,

x4 ≈ 0.8972114321150410280511213510,

r4 ≈ 0.000000000000000000000000528171,

y4 ≈ 0.8972114321150410280511204032,

4r4/r2
3 ≈ 1.00000000000000000000000105634.d5�MAGM lfUx℄[L
℄R�l�M>?tZI MAGM ls 2, s 3 Ls 4 Ux℄l�|[�
x2 ≈ 0.8972135954999579392818347337,

r2 ≈ 0.000001207486641916223450627540,

y2 ≈ 0.8972114287557112303660562524,

4r2ρ1/r2
1 ≈ 1.000001812169285206907758643674,

x3 ≈ 0.8972125121278345848239454930,

r3 ≈ 0.000000000000091268194185543308,

y3 ≈ 0.89721251212767081089238034335,

4r3ρ2/r2
2 ≈ 1.00000000000011412072150937444,

x4 ≈ 0.8972125121277526978581629182,

r4 ≈ 0.000000000000000000000000000260,

y4 ≈ 0.8972125121277526978581629177,

4r4ρ3/r2
3 ≈ 1.000000000000000000000000000293.
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�i�[ (
t$!%- 2):

ρ1 ≈ 1.99689437998485814146050414865,

ρ2/ρ1 ≈ 2.00000060092645088170346112822,

ρ3/ρ2 ≈ 2.00000000000011397880639959476,

ρ4/ρ3 ≈ 2.00000000000000000000000000042.9z β > 1, a {xn} L {yn} ℄�- x0 = β L y0 = 1 l
Sg AGM l{Z�a {ξn} ℄%- β2 L 1 l MAGM lG�{Z��f ξ0 = β2. BGZoWAO�
xn = β −

n−1
∑

m=0

xm − ym

2
, ξn = β2 −

n−1
∑

m=0

2m x2
m − y2

m

2
.�G- Gauss > [17] f[/dX_'�(Nv��f β =

√
2, �- 1 ≤ n ≤ 4, ?t
I

xn l�|[�
x1 ≈ 1.2, x2 ≈ 1.19815, x3 ≈ 1.19814023479, x4 ≈ 1.19814023473559220744,=u|�?t,GF ξn l�|�

ξ1 ≈ 1.5, ξ2 ≈ 1.457, ξ3 ≈ 1.456946582, ξ4 ≈ 1.4569465810444636254.

3. 5*3D���?8�/.9z β (yL�K�_)Mz�β L γ ℄U(Sr�
tl��L/ 1: β2 +γ2 = 1.

Gauss �MX�(%`l (.1>:l) ��?q�s 1 E)/%5f��
∫ 1

0

dx
√

(1 − x2)(1 − γ2x2)
=

π

2M(β)
, (1)�f M(x) ℄ 1 L x l�n – nN�)��'q�? γ2 = −1 (,�Xyz�_tLz),oW (1) AO�

∫ 1

0

dx
√

(1 − x4)
=

π

2M(
√

2)
≈ 1.31102877714605990523.U�(�Cl��f�℄t�Pf��
�&Yl℄�&/ √

2 l Bernoulli (*ÆM) t�Pl 1/4 <�r[�|�*Il�� (yz��Ui%)G���l π) >s 4 Ux℄UXg�Æ"℄ π/(2x4). M(
√

2) ler?/ Gauss :r	Gauss >�
q�g℄r4 114VU�1799 	 5 ; 30 =�>=s [14] f
i�N��M “Z*X�D~l�(/dl^2�” 'T���D~�℄r~�nN~�X>��l%5GrL%5(P 1)lry^2
NX��C (1) �*Il1W�2t���s 1 E%5f�L�%5Grl��R��?l�(elq$�5���U�#E| 2)- (1) l%-q�s 2 E%5f�1WlÆP}jX6�Yg 2011 	 12 ; 16 =
2��M�[SF (N�tG)Q�), �IN
�(q�s 2 E%5f�l (.1>:l) 1W�Y℄y��2��%5GrL%5f��Ul�($[l (::℄#�l) gLL*|P�> Gauss lÆ�f�N(^2;�l>
1) �u/!5����; (2_r) '�+�&6)Qm��M�&6Hsm���—— 4p
2) J�O�m2X�LY
$�m��rW(�\!x
*�)y^M;� (;.Qr) mdT���

—— 4p
· 32 ·

The (first) equality is strict here.



S “%5l”, %`tq�%5lV<>��Y℄!^2l (�/) ffl>��M>�Uilq�s 2 E)/%5f�l1W℄
∫ 1

0

√

1 − γ2x2

1 − x2
dx =

πN(β2)

2M(β)
, (2)�f N(x) ℄ 1 L x lsSl�n – nN�)��C (2) l��f��&Yl℄�(<�n`4<���n/ β (Ffe℄ γ) l%5l 1/4 l<��+�:~
Sgl�[1℄{6lHo�1>f~dL1�>℄~JGY�N(1W�.�-9N�(H�q�s 2 E)/%5f�l1W�
KX�0X�(%)x℄qL:~
SqNUL (N℄?t��#l�D) lq���'�
[℄�-zXl�_��x�Euler (�=) 1WL[SF℄l- Ivory (�AJ) [13] l (�6) Gauss-Kummer (9�
) mrKX0���q�Æ_℄Pqq
S�>[Ffe (��- 1) l l-℄�'qn��W,ls 1 ELs 2 E)/%5f�RWQE�?l Legendre (D7j) :E [10]M>1�j
X�V�kg:- π lToWl�( (1,.1rB"�([l) 5r}�

π =
2M(β)M(γ)

N(β2) + N(γ2) − 1
. (3)�'q�kg�}1rB"�(ToW (�f M(γ) � M(β) l�[℄ √

2 lRrUv),'T�a c: =
√

2 − 1, ?tZI�fln(�
π =

M(
√

2)2

N(2) − 1
=

M(2
√√

2c)2/2

N(4
√

2c2) − 2c
=

M(
√

2c)2√
2N(2c) − 1

=
2M(c)2√
2N(c2) − c

=
2M(c2)2

N(c4) − c2
,NJ π lU�~ToWls 1 (�6V Euler [11] ��Ml Legendre :El�(�i l (β = γ) "I�x℄q� (β =

√
2) {Z {xn} L {ξn}, �-�f℄%.>E n = 4 lV?t��q�EX�"1�kgq� π [18] l (�6) Brent-Salamin ���1)s

πn: =
x2

n

ξn+1 − 1
=

(√
2 + 1 − ∑n−1

m=1(xm − ym)
)2

2
√

2 − 1 −
∑n−1

m=1 2m(xm − ym)2
, n ∈ N,�- n ≤ 4, ?tZI�[ πn (G�(ÆUq
S- π) l�|[�

π1 ≈ 3.18, π2 ≈ 3.1416, π3 ≈ 3.1415926538, π4 ≈ 3.141592653589793238466.

4. ��$I�5?tl�%℄�0�kgls 2 E)/%5f�1Wl�a$%�b?t[℄R��E?wP~l�vlY��N(Y��0Xq�s 1 E)/%5f�l Gauss 1Wl?^lNv�
a. ��
G)?C Appell (
�
) U\X Gauss (:-s 1 E)/%5f�lq�)����". “�M” ��(`� [9] l “vl�” [8] lP~�`X��(`� 2)l (t[l) l� T

1) {Lr�“Gauss-Euler ��” O�|�*b ��N?
ke_��T3mAmY�—— 4p
2) T b0 |g| ——g m~ —— mHs����u “RZ” mTZm}A^:�{m���/g�O}A�g mV)�K!x~
8jh�—— 4p
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1��M�zq&o/
T = 2πk

√

l

g
, k: = k(θ) =

{

1/M(cos(θ/2)), �D g > 0,
√
−1/M(sin |θ/2|), �D g < 0,NJl l ℄�l<��g ℄ ('"P8Nl) x~��θ ℄�FqYYG (S�Y) l�[�	 (� 1), 0 < |θ| < π.Dh��L�Y (Lz
℄�tQY�Y) }Tzl'P�%l�l4l6}℄5�℄�V��ljW� ()Rq) 9p>�(5F���
l�Y�WhgnY�%Pl�Y�S�

k ,F�l[R g ℄Sl�R$ll��$l"P℄℄YG�l (N℄�:yLl l). L
R,ll�R$- k lG�l[�TR g ℄ l�>�.g�$l"P�YX�a8$g�'l℄���l (kT.℄/1�) :-%5Grl “�}”l5/j�? [15, p.59, 77], �iP~l “.*” 5/j�? � 1 �
[19, p.73], }�bX (Ya�=) Na&�L�)Pl&XW (Na}$�l- Gauss (8), ℄V�C���kp))Alq�d℄%X��lvmr&Y (0�x℄qL
Sl#Mq), VfR��H� T lt[qe���'℄Il℄R$- θ = π/2 (,f}[) lw, l�NRl |k| =

√
2/M(

√
2). /XG��E Gauss 1W�?t w�
$%- θ��- π l l�NR T lP�q����Æ"℄%vmrG*l&Y�.1�>9NPHlR}�
S�

b. �>� 5 �#9%F
1B
G	� l(γ) sFfe/ γ l%5l<0�<nV��� L s�&/ √
2 l Bernoulli t�Pl�<�1)�%y� M �s M(

√
2), 
℄ Gauss :rler�-℄�?�q�El�
�L = π/M . ?t[?U(%5℄ NJL (complementary), B
tlFfe��VL℄ 1.�z��l(0) = π "℄H��gl:-Ffe℄ 0, Æ"℄5l�[�0
W,l%5℄Ffe/ 1 l%5�1�a/�l<L
l<nRol (#Z) %5��� l(1) = 2.N(oW1�%hOoW&Y�

lim
β→0

M(β)

N(β2)
=

π

2
,
Æ1��/ Legendre :E (3) lhO l�?t�%1W (3) ,G1W (2), ?q�_' 3 E%5ll<�w,%5℄L0�'�5�flt�P3�l (� 2).N℄?t>�FUi lUfH�x�/dl�?t)

l(1/
√

2) =
L + M√

2
≈ 2.7012877620953510050.

� 2 4�mx-&6M�
.�g6mu
Q
1) �z"�p�Mp���KOK+Jm{��L ^�7mu
Q;smV��—— 4p
· 34 ·



N(�C℄ Euler �Ml�1�;/℄ (H+) 1r 1) l
Legendre:El�N��*Ilr[�|l��> (π/x4 +

x4)/
√

2 (x4 ��q�EX) OXg��-U(W,l%5 (� 3),
tlFfe℄ c2 (℄l)L 2
√√

2c ([l), )
l(c2) = L + cM ≈ 3.11834348914448577623,

l
(

2

√√
2c

)

= c(L + 2M) ≈ 2.07866367001535595794.r[�|l���-s 1 (%5 (
lFfe℄) > � 3 V)X-&6M�)64*a�mZ�
π/x4 + cx4 OXg��-s 2 (%5 (
lFfe[) > c(π/x4 + 2x4) OXg�M>?tM% (β = c2 l=<Xl%5l<l) Fo�|��1W (2) LU([wkUl1W����a

F (a, b, x): =
∞
∑

n=0

(a)n(b)n

(n!)2
xn,NJl ( · )n ℄ Pochhammer ()QF�
) �J��[ l(γ)/π 1��E Euler dL Ivoryl1Wq�kg��'℄�

l(γ)

π
=

√

2 − γ2

2
F

(

− 1

4
,
1

4
,

(

γ2

2 − γ2

)2)

=
1 + β

2
F

(

− 1

2
,−1

2
,

(

1 − β

1 + β

)2)

.y?%�2l�n?q���-s 1 ( (Euler) vmr √
3cF (−1/4, 1/4, 8/9), t�%g

337 V2�Xg�Fol<�*Il�|[l�����-s 2 ( (Ivory) vmr
√

2cF (−1/2,−1/2, 1/2),Bt�%g 55V2�,kN(���Ivory l1W��=� Eulerl1W�:�b (<℄) Pqq
Sl�>[Ffel l01W (2) R��-℄''qn�1W (2) ℄ÆU
Sl�!� Ivory l1W>[Ffel l(.℄RI�2) ?�%
Gauss 1Wq�s 1 E)/%5f�l l�%�q�s 2 E)/%5f�l1W z_%-%5} γ ,[�[ (k��- 1) l l���)>%lvmr&Y>-)mlX�lAV�}.�>�(PHlR}�
S�d γ %- 1 R�1W (2) l+�R$l[�E)��N.�-1W (1) +�R$l[�'-P�q�lQ��1W (2) l
SqTk
%)-xa8h�l&\�A/>[�[�-�%-St1nq�l.�l1W�?t�w�G Cayley (,>) 1W [10]:

l(γ) = 2 +

(

ln
( 4

β

)

− 1

1 · 2

)

β2 +
1 · 3
2 · 4

(

ln
( 4

β

)

− 2

1 · 2 − 1

3 · 4

)

β4

+
1 · 32 · 5
2 · 42 · 6

(

ln
( 4

β

)

− 2

1 · 2 − 2

3 · 4 − 1

5 · 6

)

β6

+
1 · 32 · 52 · 7
2 · 42 · 62 · 8

(

ln
( 4

β

)

− 2

1 · 2 − 2

3 · 4 − 2

5 · 6 − 1

7 · 8

)

β8 + · · · ,

1) �up�h “sine” )Qm�)m�m=��#^Hs t 7→ sin(t) m�X�u t = 0 hu t = π m=���p. √
2 l(1/

√
2) = L + M .—— 4p

2) OK`�)mX{�^2im�6��0Y/dG�
7�OK!�M�JJxpmY
�—— 4p
· 35 ·



�5P�F�
.A℄q��(=<Xl%5l<l�(,!���b
(p)PS[K Ivory1Wl
S>���℄�
℄V�q��(B�&2F (do{q�>℄t�(\2F) ,[l (>:) �rGr[l
S>��v#��'�?C�/dFolU��%5 (β = c2) l�|����o (yz7 ln(4) − ln(β) �U%)X{6l�2�) Cayley1Wf�Yg (�<) β26 �)lV}℄ wl�?C�#-%l��"t�-�lV�N℄'- Cayley 1W�/_�(&Yl<lvmr��f (β l) UrlC<_℄Pql�1)
5. �,����'�� > CCRAS 2) l<|<zqLh7E�P~1l' S. Ya. Stepanov 3)\^l!��℄fleN��KigPE8jE� (Tethered satellite System), t�[WqT%%5GrN�.%���%5GrlU(P�l � (l- Jacobi (�1�) L Weierstrass(3
x�=x)) �E4% Sophus Lie (I) (℄rl) �+��Cl���w5q���?X�-℄��'Tk Weierstrass %5GrL Jacobi %5SJGr�m{l+��C.$lU( (�WPq) $℄4RW�5 (UL}�5- Klein (3>!) {34). TkR$l$℄%)��`lWle�l%5Gr1�>VU� (v�q) z�I? [3]. �-N
lGr�#���tOlGr[��# Weierstrass%5Gr�i Jacobi%5Gr>��tOl[aIR�k���'q�N
�6
,>'tl�)Æ�tOl�2[ (%ÆU,W&X) [4]. }.$W>�e�&l"�Fl2�,[Æ� (�/) )`qq�I?��#}.$WlKW�	1Wl~8.�V- Abel (
�
) [1], Ramanujan (=lÆ�) E|zqs� (bpA/), h-> 2011 	 5 ; 30 = (v� Gauss �Ml 212 l	[a) XgX�l [5]. ��0�:-%5(PF��tlv�1W (�E�-Æ�t1W)`q�	)Æ��kg�(�
kXq� (.)/) %5f��(x℄�� (℄�-Nif�l�	l15�qlP�<tlelsS). N�:HJ�GYlq�%5l<l1WA/XG�(x℄���?t%�"� L. M. Milne-Thomson [2, s 17 H] l “%5f�” �H/�(e�lzB�[)���g Landen (An) $℄lV [7, p.591] F
l":.?�-N
�(�f℄�dl�“[SF�Landen woK5V?p)H��zUlj�q�”?t w��N
lw��Y�XU(�ZvlR}�GausslzU2PSq�PDG?� �"67

[ 1 ] N. H. Abel, Recherches sur les fonctions elliptiques, Journal für die reine und ange-
wandte Mathematik 2 (1827), 101–181.

[ 2 ] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions with Formulas,
Graphs and Mathematical Tables, Dover Publications, New York, 1972.

[ 3 ] S. Adlaj, Tether equilibria in a linear parallel force field, 4th IYR Workshop on Geome-
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^smD=3o�—— 4p
2) l5.
iy�y0m
iy0�8r�gg�—— 4p
3) Sergey Yakovlevich Stepanov ^$h={rM9k2=r�� (1960 
^) mI+W��—— 4p
· 36 ·

S.Ya. Stepanov leadership was subsequently revoked due to scientific incompetence.

Much later, S.Ya. Stepanov turned out to be lacking mathematical abilities to carry out his scientific duties at a decent level!
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